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Abstract: In this paper, we use subsets of the Riemann sphere and specific types of invariant linear subspaces to
introduce the extended spectral decomposable multivalued linear operators (linear relations) in Banach spaces. We also
introduce the extended Bishop’s property, the extended relatively single-valued extension property and the extended
Dunford’s property. More importantly, we show that these properties are three necessary conditions for a linear relation

to be extended spectral decomposable.
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1. Introduction
The notion of decomposability has been given much attention and has led to a strong spectral theory for closed and
bounded linear operators in Banach spaces. In 1963, Foias [11] was the first to define the decomposability for bounded
linear operators using the spectral maximal spaces, which made the definition a little complicated. In 2000, basing on
the works of E. Albercht [2], B. Nagy [19] and R. Lange [16], K. B. Laursen and Michael M. Neumann were able to make
this notion more flexible [17]. According to them, a bounded linear operator 7" is said to be decomposable on a complex
Banach space X if for every open cover C = U; U Us, there exist two closed invariant linear subspaces X; and X5 of
X under T such that

X=X1+Xs, o|X1)CU1 and o(T|X2) C Us,
where o(T'|X;) is the spectrum of T|X;, i =1,2.
In the present paper, we aim not only to extend the decomposability from the case of bounded linear operators to
that of closed and continuous multivalued ones (linear relations), but also to develop several results related to the
decomposability from the complex plane C to the extended one Co := C U {o0}. Hence, we introduce this notion as
”extended spectral decomposable linear relations”. We shall see that, whenever a closed linear relation T' is extended
spectral decomposable, it will be decomposed as a sum of a bounded linear operator Ty and a purely multivalued part
Ty. This enables us to study 7" much more easily. Note that this decomposition was first studied in a Hilbert space in
1961 by Arens [3], and has then been applied by several authors such as Y. Shi[22] and Y. Liu [23], among others. This
someway has motivated us to look for situations in which a linear relation can be decomposed as described before. And
given the importance of the study of decomposable linear operators and the rich local spectral theory they possess, it
has become necessary and even urgent to establish the concept of the decomposability for multivalued linear operators.

These were first considered by V. Neumann [26] and since then, they have received an increasing interest by many
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mathematicians (e.g., [8, 10, 14, 18]) because of their extensive applications in game theory, linear differential inclusions,
pseudo resolvents and other fields of applied mathematics.

The rest of this paper is outlined as follows. In Section 2, we refer to [8] to recall basic notions about linear
relations and some notations which will be used in the understanding of the extended spectral decomposable linear
relations. In particular, we make reference to [5] to evoke the concept of strongly and weakly invariant linear subspaces
and establish certain required properties of those subspaces. Furthermore, a complex analysis framework is considered
in order to facilitate the understanding of some proofs. Section 3 deals with our main objective. We introduce the
extended spectral decomposable linear relations in Banach spaces and we give a direct application in Example 3.1. It
is important to note that this example verifies some sufficient conditions for a linear relation to be extended spectral
decomposable and this will be seen in details in our forthcoming article [4]. Enlightened by works on the local spectral
theory for linear operators (cf., [1, 9, 17]), we shall establish that there are three necessary conditions for decomposable
linear operators to be extended to linear relations. The first condition is the extended Bishop’s property which will be
introduced in the case of closed and continuous linear relations. As for the second condition, we extend the notion of
the single-valued extension property from the case of linear operators and the complex plane to that of linear relations
and extended complex plane, respectively. We will observe that, differently from the case of operators, there exists more

than one analytic solution f verifying
0€ (T —pl)f(u) forall p€ UxNC,

where Uy is an open connected neighborhood of u in Cs, T is a closed linear relation and f is given in Definition
3.5. The third condition, the extended Dunford’s property, will be established after extending the concepts of the local

resolvent set from C to Co and defining the extended local and glocal subspaces.

2. Preliminaries

In this part, we are going to give some of the basic concepts of linear relations which will be used in the understanding of
the extended spectral decomposable linear relations. In particular, some results related to the different types of invariant
linear subspaces under linear relations are established. Besides, a complex analysis framework is considered to facilitate
the understanding of some proofs.

Let X,Y and Z be Banach spaces over the field K = R or C. Following Cross [8], a mapping T : X — 2% \ 0,
whose domain is a linear subspace D(T') of X, is called a linear relation if it satisfies a1z + Ty C T(ax + By) for
all z,y € D(T) and «,8 € C. We denote by LR(X,Y) the class of all linear relations from X to Y. A relation
T € LR(X,Y) is entirely determined by its graph given by

G(T)={(z,y) e X xY ; 2 €D(T) and y € Tx}.

The inverse of T is defined as G(T™') = {(y,z) € Y x X ; (x,y) € G(T)}. The kernel of T is the subspace
Ker(T) :=T7(0). If Ker(T) = {0}, then T is said to be injective. By T(M) := U Tz and R(T) :=T(X), we

xeD(T)NM
denote the range of a subset M C X and the range of T, respectively. If R(T) =Y, then T is said to be surjective.
Let T,S € LR(X,Y) and B € LR(Y, Z). Define S+ T, and STT by

G(T+S) :={(z,u+v) | (z,u) € G(T), (z,v) € G(S)}.

G(T+S) = {(z +u,y +v) | (x,y) € G(T), (u,v) € G(S)}.

If G(T)NG(S) = {(0,0)}, then TFS is a direct sum denoted by T @ S. The product of B and T is defined by
G(BT) = {(z,2) € X X Z ;(z,y) € G(T) and (y,z) € G(B) for some y € Y}. The singular chain manifold of T is
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—+oo —+oo
denoted by R.(T) = ( U 7"(0)) N ( U Ker(T™)). For x € D(T), the norm of Tz and T are respectively given by:
n=1 n=1

[Tzl := |QrTzl|  and  [IT]:=[|QrT],

where Qr : Y — Y/T(0) denotes the natural quotient map with domain Y and kernel T'(0). If ||T|| < oo, we say
that T is continuous. T is said to be closed (respectively open) if G(T') is closed (respectively T~ is continuous). We
denote by CR(X,Y") the set of all closed linear relations 7: X — Y. If Y = X, then CR(X,Y) = CR(X). The set of
all closed and continuous linear relations T : X — X is denoted by CR.(X).

T is said to have the property of stabilization of powers at infinity if 7€ CR(X) and there exists ¢ € NN* such that
T710) € T%(0) = T*"*(0) and D(T*™') = D(T*) € D(T*™'). The integer i is called the order of stabilization.

We note that 7' is an operator whenever 7'(0) = {0} and we write 7" € LO(X,Y). By CO(X) and End(X) we
denote the set of all closed and bounded linear operators A : X — X, respectively. If T € CR(X) and T~" € End(X),
then T is said to be invertible. We note that T is invertible if and only if T is both injective and surjective.

For a closed linear subspace E of X, we define the canonical surjection Qg : X — X/E by Qg(z) := T for all
x € X. Apart from the operator Q7T , there is another operator A € LO(X,Y) that facilitates the study of T, called
the linear selection of T, and defined by T = A+ 7T — T and D(A) = D(T).

Proposition 2.1 Let T € CR.(X) and P be a bounded linear projection such that Ker(P) = T(0). Then, PT is a

continuous linear selection of T.

In the next definition, we refer to [8] to define the spectrum, the resolvent set and the resolvent function of a

closed linear relation 7', and we introduce the full spectrum of 7.

Definition 2.1 Let T € CR(X). The resolvent set of T is denoted by p(T) and defined as the set of all A € C for
which T — X is invertible. For A € p(T), we define the resolvent function of T by R(\,T) = (T — AI)~'. The spectrum
of T is the set o(T) := C\ p(T). The full spectrum of T is denoted by os(T) and defined as the union of o(T) and all
bounded connected components of p(T). The set ps(T):=C\ os(T) is called the full resolvent set.

To define the extended spectral decomposable linear relations, we are going to use subsets of the extended complex
plane, so we brought back to work not only the spectrum but also the extended spectrum defined by A. Baskakov in [5]

as follows:

Definition 2.2 [5, Definition1.5] The extended spectrum of a relation T € CR(X) is a subset of Cos denoted by o(T)
which coincides with the spectrum o(T) of T if the following conditions are fulfilled:
1. T(0)=0;

2. The resolvent R(.,T) of T can be analytically continued to oo and R(u,T) I l—) 0.
| —+o0

Otherwise, o(T) = o(T) U{oo}. The extended resolvent set of T is defined as Coo \ (7).

Lemma 2.1 [5, Lemma 2.2.] For every linear relation T € CR(X), the following equivalence holds:

T € End(X) if and only if oo & (T).
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2.1. Invariant linear subspaces

This subsection is devoted to the study of two types of invariant linear subspaces with respect to a closed linear relation;
these two types were introduced by A. G. Baskakov and A. S. Zagorskii in [7]. We recall that, for a relation T" € LR(X),
a linear subspace M of X is said to be T-invariant if T'(M) C M.

Definition 2.3 Let T € CR(X) and let M be a closed linear subspace of X. Then,
1. M is said to be T -weakly invariant subspace if T(x) N M # @ for all x € D(T) N M.

2. M is said to be T -strongly invariant subspace if p(T) # 0 and RN\, T)M C M for all X € p(T).

We note that the T-weakly invariant subspaces are the T-invariant ones if T € CO(X).

Definition 2.4 Let T € CR(X). Then,

1. The weak restriction of the relation T to a T -weakly invariant subspace M C X is the relation T|wM € CR(M)
whose graph is given by G(T|wM) = G(T)N (M x M).
2. The strong restriction of the relation T to a T -strongly invariant subspace M C X is the relation T|sM € CR(M)

R(,T|.M): p(T) —  End(M)

whose resolvent is )\ . ROLT)|M.

Proposition 2.1 Let T € CR(X). Then, for every T -weakly and strongly invariant linear subspace X1 C X, we have
D(T|.X1) = X1 N D(T).

Proof As X, is a T-weakly invariant subspace, we have T(X1) C X + T(0), and therefore (T'— X )(X1 ND(T)) C
X1+ T(0) for all X € p(T). Hence, for all A € p(T"), we have

X1ND(T) = R\ T)(T - A)(X1ND(T)) € RN T) (X1 +T(0)) € X1nD(T).

Therefore, for all X € p(T), we obtain that X1 N D(T) = R\, T)X1 = R\, T|sX1) X1 = D(T|sX1), as desired. O

An essential link between a closed linear relation and its strong restriction is given in the following proposition.

Proposition 2.2 Consider T € CR(X) for which p(T) # 0 and let Y C X be a T -strongly invariant subspace. Then,
for all x € D(T|;Y), we have
T|Yx CTx

with equality if T(0) CY.

Proof We first observe that p(T') C p(T|sY), by [6, Remark 2.7]. Let x € D(T|sY), y € T|sYx and let X € p(T') be
arbitrarily given. Then, y — Az € (T'|sY — Al)z, and therefore

ROLT)(y — Ax) = RO, T)(T|Y = M)z = RO\, T].Y)(T].Y — M)z = . (2.1)

Applying T — AI on (2.1), we obtain that y € Tz. Hence, T|sYx C Tx. To establish the other inclusion, suppose that
T(0) C Y. We claim that T(0) = T|sY(0). Indeed, it follows from the above that T|,Y (0) C T'(0). To prove the other
inclusion, consider an arbitrary y € T'(0) C Y. Then, for all A € p(T"), we have y € (T'—AI)(0), and hence R(\,T)y = 0.
Since y € Y, it follows that R(\,T)y = R(A\,T|sY)y = 0 for all A € p(T). Consequently, for all A € p(T"), we have
y € (T|sY — AI)(0) = T|sY(0). We conclude that T'(0) C T|sY(0), as claimed. Since T|sYz C Tz, it follows that
Te=T|sYz+T(0)=T|Yzr+T:|Y(0) =T|sYx. |
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2.2. Complex analysis framework

This subsection is devoted to recalling some basic definitions and properties about the extended complex plane Co
which can be found, essentially, in O. Forster [12], R. M. Timoney [24] and [13]. The typical distance used is called the

chordal distance or chordal metric on the Riemann sphere, denoted by do. and defined as

2|Z1 —22|
doo (21, 22) = for all z1, 22 € C;
G2 = A D) v
doo (2, 00) 2 for all z € C.
(1+[2]%)

With reference to [12], the neighborhoods in Cs correspond exactly to the usual definitions of neighborhoods in
C and add that neighborhoods of co are defined as sets of the form Usx = {z € C; |z| > 7'} U {oc0}, where 7’ > 0.
According to [13], the open sets in Co, are the usual open sets in C and those of the form O U {oco}, where C\O is a
compact subset of C. Moreover, it follows from [24, Proposition 6.7] that, a set U C Cs is open in (Cs,dso) if and
only if UNC is open in (C,|.|), and whenever oo € U, there exists r’ > 0 such that {z € C; |z| > 7'} CU.
Given arbitrary Ao € C, A1 € Coo and r > 0, we write Bc(Xo,r) := {A € C; |Xo — Al < r}, Be(ho,r) := {)\ €
C; |do —Al <7}, and Bey (A1,7) :={A € Coo 5 doc(A1,\) < 7}

Lemma 2.2 Let Ao € Coo and let r €]0,2[. Then,

_ 4 Xo (L4 [o)V/E-r2) . 4
L Bow(Ro,7) = Be <4r2(1+|A02)’ T2t o) ) TR Cand ol <y/o5 =1
2. Be..(Mo,r) = C\ Be (o,,/%—1)u{oo}, if Ao = oo.

Definition 2.5 [2/, Defintion 6.12] Given an arbitrary open set U C Cs, we say that a function f:U — C is analytic
if

(3) f is continuous (from U with the metric de to C);

(i) f is analytic on (UNC,|.]);

(iii) z — f(L) is analytic on {z € C; % eU}.

For an open set U C C, we denote by H (U, C) the space of all analytic functions f : U C (C,|.|) — C and by H (U, C)
the space of all analytic functions f : U C (C,do) — C. For an open Us C Co, the space of all analytic functions
f:Uso C (Coo,doo) —> C is denoted by H*(Us,C).

Let Z be a complex topological vector space. With reference to [20], for an open set U of (C,[.|), a function
f:U — Z is said to be analytic if po f is analytic for every ¢ € Z*, where Z* denotes the topological dual space of Z.
We denote by H(U, Z) the space of all analytic functions from an open set U C (C, |.|) into Z. According to [17], if X
is a Banach space, H(U, X) becomes a Fréchet space with respect to pointwise vector space operations and the topology

of locally uniform convergence. Furthermore, if f € H(U, X), we infer from [17, Theorem A.3.1] that, for each ¢ > 0
and each po € U such that Be(uo,e) C U, we have f(u) = Zmn(,u — po)" for all p € Be(po,e) with (@n)nen C X.
n=0

We denote by Ho (U, X) the space of all analytic functions f : U C (C,d) — X. This space has the same properties
as H(U, X).
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Given an open set Us in (Coo,dos), a function f : Uss — X is said to be analytic if ¢ o f is analytic for all
p € X*. We denote by H*(Us, X) the space of all analytic functions f : Us, — X and we define the space P(Uso, X)
as follows: P(Uso, X) = {f € H*(Uso, X) | f(00) =0 if 0o € Uss}. According to [17], topologized by means of uniform
convergence on all compact subsets of the open set U, the space H ﬁ(UC,O,X ) is a Fréchet space whenever X is a

Banach space.

Lemma 2.3 Let X and Y be two Banach spaces and let Xo and X1 be two closed linear subspaces of X. Then, for
; = 2
all open disc E := Bc__(Mo,7) € Coo, where X € Coo, 0 <7 <2 and r # T

i/ If A: X =Y is a bounded and surjective linear operator then the operator A : P(E,X) — P(E,Y) defined by:

the following assertions hold:

A(f)N) = Af(A)  forall X € E and f € P(E, X),
is a surjective linear operator.
i/ P(E,X/Xo)= P(E,X)/P(E,Xo).

wi/ If X = Xo+ Xa, then the operator v : P(E, Xo) x P(E,X1) — P(E, X) defined by
v(f9)=f+g  forall(f,g) € P(E, Xo) x P(E, X1)

is a surjective linear operator.

Proof

i/ The linearity of A follows immediately from that of A. To prove the surjectivity of Z, consider h € P(E,Y) and

discuss all the possible cases of F, studied in Lemma 2.2:

Casel : E = ((C\EC(O, 1/ % — 1)) U {oo}. In this case, for all A € ENC, we have ﬁ < , and therefore,

4
2l

for all A € E, we obtain that

U B 4
By = D> 2, i A€C\Be(0,(/% - 1)

i=0
, if A = oo,

where (yn)nen C Y. Since h(co) = 0, we conclude that yo = 0, and hence
) =YY" forall xe E.

Because A is a bounded surjective linear operator, it follows from [8, Theorem.II1.4.2] that A is open.
Therefore there exists c¢o > 0 such that, for all y € Y, there exists € X for which Az =y and ||z|| < colly]|
Hence, there exists (n)nen+ C X with the property that Az, =y and ||za|| < collyn|| for all n € N*. Let

f be the function given by f(\) := Z i—z Then,
n=1

1
lim sup HmnH% < limsup ¢ HynH% < lim sup ||yn||% < 400,
n—oo n—oo n—oo

869



BARKAOUI and MNIF/Turk J Math

which entails that f € P(F, X). Moreover, for all A € E, we have

<

E

>

Ann=a>"" =3

n=1

Axn = n
= = h(N).
Consequently, A is surjective.

Do e P D)) |
C 2:F=Bc| ———— h A = -1 d = . In th
ase c (4 0+ l)\0|2),r1) where |Xo| < /-5 and 71 =21+ o) n this case,

the result follows immediately from [17, Proposition 1.2.1].

i3/ Since Xo is a closed subspace of X, and Qx, : X — X/Xo is a bounded and surjective linear operator, then
it follows from i/ that Qx, : P(E,X) — P(E,X/X,) is a surjective linear operator. On the other hand, we
have Ker(Q\XJO) = P(FE, Xo). Consequently, the induced operator Q/;O : P(E,X)/P(E, Xo) - P(E, X/Xo) is an
isomorphism, and therefore P(E, X)/P(E, Xo) = P(E, X/Xo).

i4i/ If X = Xo+ X1, then the operator J: Xg x X1 — X given by J(zo,x1) := xo + z1 for all (z0,z1) € Xo x X1 is
surjective and bounded. Thus, by i/, it follows that J: P(E,Xo x X1) —» P(E,X) is a surjective linear operator.
As P(E,Xo x X1) 2 P(E,Xo) X P(E,X1), we obtain that v is surjective.

3. Extended spectral decomposable linear relations

Enlightened by the work of [11] and [15], we not only extend the notion of the decomposability to the case of multivalued
linear operators and the extended complex plane, but we also weaken certain conditions of the invariant linear subspaces
in question. In fact, we are going to consider strongly invariant linear subspaces instead of spectral maximal spaces (see

[11] for more details).

Definition 3.1 Let T' € CR.(X) be a linear relation such that p(T') # 0. We say that T' is extended spectral decomposable
if every open cover Cooc = U UV of the extended complex plane by a bounded open subset U of C and an open subset
V of C effects a splitting of the extended spectrum o (T) and of the space X , in the sense that there exist T -strongly

invariant closed linear subspaces Y and Z of X with the following properties:
i/ o(T|sY)=0(T|sY)CU, o(T|sZ) CV;
i) T(Z)C Z and P(Z) C Z for some bounded linear projection P : X —s X werifying R(P) = D(T);
Wi/ X=Y+Z.
It is very important to note that every decomposable bounded operator T in the sense of [11] is extended spectral

decomposable in the sense of Definition 3.1. To see this, it suffices to verify that the restrictions of 1" coincide with the

strong restrictions and then, combine Theorem 1 of [15] with Lemma 2.1 to obtain the desired result.

Remark 3.1 If T is extended spectral decomposable then one can prove, by using Lemma 2.1 and Proposition 2.1, that

the subspaces Y and Z still check the following properties:

(1) D(T].Z) = Z N D(T); (2) D(T) = D(T|,Y) + D(T|s 2); (3)T = T|.Y 7. Z.

Example 3.1 If P € End(X) is a bounded linear projection such that 0 < dim(Ker(P)) < oo, then P™' is an extended

spectral decomposable linear relation.
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Proof Let T = P~'. We first observe that o(P) = {0,1} so &(T) = {1} U {00}, by [5, Theorem 2.4], and hence
p(T) # 0. Also, T has the property of stabilization of powers at infinity with order of stabilization 1. From a combination

of [5, Theorem 4.1] and [5, Theorem 4.2], we deduce that there exist two T'-strongly invariant closed linear subspaces

Xo =D(T) and X; = T(0), such that
T)sX0(0) = {0}, X=Xo® X1, o(T|sXo)=0(T)={1}, and &(T|.X1) = {oo},

where X = {z € X ; 3 lim (I — (~AuR(itn,T)))z}. But T € CR.(X), and hence D(T) = D(T) = X, thanks to [8,
n— o0

Theorem.I11.4.2]. Consequently, T'|sXo € End(Xo), or equivalently, o(T'|sXo) = o(T|sXo). On the other hand, we have

X =T(0) ® D(T). Then, from the fact that dim(Ker(P)) < co and from [5, Theorem 4.3], we conclude that X = X.

Now, consider an open cover {U,V} of Cs with the property that U is an open bounded subset of C and V' is an open

subset of C. To establish the extended spectral decomposability of T, we separate the following two cases.

Case.1l: 1€ U. We have X = Xo+ X1 and we observe that P(X1) = P(T(0)) = P(Ker(P)) = {0} C X;. In addition,
we have T(X1) = T(T(0)) = T%(0) = T(0) C Xi. On the other hand, we have &(T|sXo) = o(T|sXo) = {1} CU
and o(T|sX1) = {o0} C V.

Case.2: 1€ V. In this case, it is sufficient to consider the two T-strongly invariant linear subspaces X; = {0} and
X{ = X. We have, X = X, + X{ and it is easy to observe that P(X{) C X] and T(X1) C Xi. It is also easy to
verify that o(T|sX0) = o(T|sX) =0 CU and 6(T]:X1) =0(T) = {1} U {oo} C V.

Hence, T is an extended spectral decomposable linear relation. O

3.1. Necessary conditions for the extended spectral decomposable linear relations

In this subsection, we give three necessary conditions of an extended spectral decomposable linear relation. Let us first

begin with the extended Bishop’s property.

3.1.1. Extended Bishop’s property (€g)

As an extension of definitions [17, Definition 1.2.5] and [1, Definition 2.168] of Bishop’s property relative to the bounded
linear operators, the extended Bishop’s property is defined for continuous closed linear relations, not necessary bounded

as follows.

Definition 3.2 Let T € CR.(X). We say that T has the extended Bishop’s property (Ez) if, for every open set
U C Co and all sequences of analytic functions (fn)nen € P(U,D(T)), (gn)nen C H*(U,X) with the property that
gn(A) € (T — AXI) fa(A) for all A € UNC, we have the following implication

gn — 0 in HY(U,X) = fn — 0 in P(U,D(T)).

n——+oo n——+oo

Next, we present two statements which are related to the extended Bishop’s property (£3) :

Statement 3.1 For T' € CR.(X) and for all Ao € Cx, there exists a small enough 0 < ex, # —2 ___ such that

V14202

for every open subset U C Coo of Be., (Xo,€x,) and for all sequences of analytic functions (fn) C P(U,D(T)), (gn) C
HY(U, X) with the property that gn(\) € (T — M) fn(X) for al X € UNC, the following implication holds:

gn — 0 in HY(U,X) = f 2,0 i P(U,D(T)). (3.1)
n—r oo

n——+oo
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Statement 3.2 For T € CR.(X) and for every open disc D C Co centered at Ao € Coo with radius 0 < r # ﬁ
0

chosen sufficiently small, and for all sequences of analytic functions (fn) C P(D,D(T)),(gn) C H*(D,X) with the
property that gn(A) € (T — AXI) fn(X) for all X € DNC, we have the following implication

gn — 0 in H(D,X) = f, —. 0 i P(D,D(T)).
n— oo

n—-+oo

In the following lemma, we are going to show that the two statements given above are equivalent to each other and to

the definition of the extended Bishop’s property given in Definition 3.2.

Lemma 3.1 Let T € CR.(X). Then, the following statements are equivalent:
1/ Statement 3.2 holds.
2/ T has the extended Bishop’s property (£3).

3/ Statement 3.1 holds.

Proof
Proving 1/ implies 2/. Suppose that the statement 3.2 holds and let U be an open subset of Cos and (fn) C

P(U,D(T)), (g») € H*(U, X) be two sequences of analytic functions such that

gn(\) € (T =N fu(A) forall\eUNC, and g, — 0in H (U, X).

n—-+oo

Consider a closed subset F' C C of U. Then, because U is open, for all Ao € F, there exists €5, > 0 small enough
- ——2 . C cvuU.
such that Ao € Bc._(Mo,€x,) C U and ey, # JioE Hence, F C x(,LgF Be (Mo,ex,) CU.
P
Since F' is a compact set in Co, there exists 1 < p < oo for which F C |J Bc. (Ai,ex;) € U. Moreover,
i=1
N, EF

2
V12

because Bc,, (\i,€x,) is open for all \;, we may choose a sufficiently small 0 < 7y, # for which

Bcoc (AU Tki) g B(Coc (Au EAi)

and
P P
FC U B (Mi,Ta;) C U Beo, (Aisexn;) CU.
N EF s
Therefore,
p
sup Ifs (NI <3 sup ] (3:2)

i=1 AEBc, (Aisra;)

In addition, we know that, for all (\:){1<i;<py € F we have

gn(\) € (T =X fu(Xi) forall Xi€DiNC, and gn —> 0in HY(D;, X),
n— (e o)
where D; = Bc, (\i,ex;). Since the statement 3.2 holds and Bc (A, 7»,) is a compact subset of D;, for \; defined
above, it follows that f, = 0 uniformly on F, by (3.2). This entails that 7' has the extended Bishop’s property.

n——+oo

The implication 2/ leads to 3/ is obvious. Finally, let us show that 3/ implies 1/. Let Ao € Coo, 0 < r #

2
V1402
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be sufficiently small and let (h,) € P(Bc., (o, r), D(T)), (tn) € H*(Bc., (Mo,7),X) be two sequences of functions such

that ¢, - 0 in H*(Bc., (Mo,7), X) and t,(A) € (T — A)hn()) for all A € Be (Ao, ) NC. To show Statement 3.2,
n—-+00o
it remains to be shown that h, — 0 in P(Bc. (Ao,7),D(T)). To this end, let F' be a closed subset of Bc,_ (Ao, 7).
n—

—+oo

Because Bc,_(Xo,r) is open and Statement 3.1 holds, we conclude that, for all A\ € F, there exists a sufficiently small

2
0<€A§é\/m

such that

A € Be, (A ex) € Be (Mo, 1), (3.3)
and for every ((fn)nen, (gn)nen) € P(Bco, (A, ex), D(T)) x H*(Bc., (M €5),X) verifying
gn(p) € (T'— pI) fu(p) for all p € Be,, (A, ex) NC,

the implication (3.1) of Statement 3.1 holds for U = Bc (A, ex). By (3.3), we see that F C |J Be., (A exn) C

AEF

Be (Mo, 7). As F is compact in Coo, we conclude that
p
FC |J UinF C Be., (ho,7),
N
where U; = Be,, (Ai,ex;) N Beo, (Mo, 7). Consequently,
p
sup [ (N[ < Y sup  [[Ba(N)]]. (3.4)
AEF AEFNU;

i=1

From the fact that F N U; is a closed subset of U; for all {\i}1<i<p € F and from the hypothesis on the sequence
(tn)nen, we deduce that
sup ||[An(A)|| — 0.

AEFNU; n—+00

This proves that hy, —+> 0 uniformly on F, by (3.4). Therefore, Statement 3.2 holds.
n—-+oo

Definition 3.3 For every T € CR(X) and for every open set U C Coo, we define the relation Ty by

Ty : PWU,DT) — HYUX)
f — Tu(f)={g € HU,X) | g\\) € (T =X f(\) YA€ UNC}.

Proposition 3.1 For all open set U in Co and for every T € CR(X), we have Ty € LR (P(U,’D(T)),Hﬁ(U,X)).

Moreover, if T is continuous and T(0) is complemented in X, then the following assertions hold:
(1) D(Tv) = P(U,D(T)).
(2) G(Tv) tis closed.
Proof Let f1,f2 € D(Ty) and o, € C. Then
aTy (f1) + BTu(f2) ={ag1 + Bg2 € H(U,X) | g1 € Tu(f1) and g2 € Tu(f2)}
C{agi + Bge € HY (U, X) | (agi + Bg2)(A) € (T — M) (afi + Bf2)(A)VA € UNC}

C Ty(afi + Bf2).

This proves that Ty € LR(P(U,D(T)), H*(U, X)). Suppose now that T € CR.(X) and T(0) is complemented.
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(1) Let f € P(U,D(T)). We separate the following two cases.

If co U, then f € Hoo(U,D(T)). Because T'(0) is complemented, we conclude from Proposition 2.1 that 7' admits a
continuous selection A. Therefore, the function g : U — X given by g(A) := (A — AXI)f(A) for all A € U
belongs to Heo(U,X) C H*(U,X) and verifies g(\) € (T — M)f(\) for all A\ € U N C. This means that
g € Tu(f), and hence f € D(Tv).

If oo € U, then there exists an open neighborhood Vo, of co in U with the property that, for all A € V., we have
) = i % where (an)nen € D(T). As f(co) = 0, it follows that, for all A € Vao, we have f(\) = ni %

n=0

This yields that

8

_ Qn _ - An+1 _ S Ont1
(A= ADFN) = Af(A) — A IA—n_Af()\)—AnZ:%/\nH —Af(A)—nZ:% O

n

and therefore }im (A=A f(X) = a1. As a result, the function

— 00

g: U — X
PN {(A—)\I)f()\) ifxeUnC

ai if A=o00

belongs to H*(U, X). Also, for all A € UNC, we have g(A) = (A — XI)f(\) € (T — M) f()\), which entails
that g € TU(f) Thus, f € D(Tu)

(2) Since T € CR.(X), it follows from [8, Theorem.I11.4.2] that D(T) is closed, so P(U,D(T)) and H*(U,D(T)) are
Fréchet spaces. Thus, to show that G(Tv) is closed, it suffices to prove that G(Ty) is sequentially closed. To this

end, consider (fn,gn)nen € G(Ty) such that (fn,gn) - (f,9) locally uniformly on U. Then, f, converges
n—-+00o

pointwise to f on U and, for all A € U NC, we have
gn(A) € (T — X)) fu(N). (3.5)

Now let A € UNC. Then, we infer from (3.5) that Qr—x1gn(A) = Qr—x1(T — AI) fn(A). Also, since T is continuous,
it follows that Qr_xrgn()\) converges to Qr_xi(T — AI)f(A\) on U. On the other hand, Qr_xrgn(A) converges
to Qr-xrg(A) on U, and hence Qr_xi(T — X)f(A) = Qr-xrrg(N). Consequently, g(A) € (T — XI)f(A) for all
A € UNC, which proves that g € Ty (f), and hence (f,g) € G(Tv).

In the next theorem, we give a characterization of a linear relation having the extended Bishop’s property.

Theorem 3.1 For a linear relation T € CR.(X), the following assertions hold:
i/ If T has property (Eg) then, for every open set U C Co, the relation Ty on P(U,D(T)) is injective.
1/ If T(0) is complemented, then T has property (Eg) if and only if, for every open set U C Coo, the relation Ty is
injective and has closed range.
Proof

i/ Suppose that T' has property (£3) and let f € Ker(Ty). Then, 0 € Ty f where 0 denotes the zero function. Let
(gn)nen be the null sequence of functions in H*(U, X) and (f)nen be the constant sequence f. Hence, for all

A € UNC, we have g,(\) € (T — XI) fn(N\). Since gn - 0 in H*(U,X) and T has property (£g), it follows
n——+0oo

that fr, = 0 in P(U,D(T)). Consequently, f =0, and therefore Ty is injective.
n—-+0oo
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14/ Assume that T'(0) is complemented and let U be an open subset of Co. Then, it follows from Proposition
3.1 that G(Tv) is closed. Now, suppose that Ty is injective and has closed range. Then, TU_1 is a closed
linear operator defined on R(Ty) which is closed. Hence, using the closed graph theorem [25, Theorem 1.8],
it follows that T3, 1 is continuous. To prove property (€s), consider two sequences of analytic functions f, €

P(U,D(T)) and g, € H*(U,X) such that, for all A € UNC, we have g,(\) € (T — A)fn()) and g, —

n——+oo

0 uniformly on all closed subsets of U. Because T;; ! is a continuous operator, this entails that 5 Yon —+> 0 in
n—r oo

P(U,D(T)). On the other hand, we have

fo =Ty Tvfo =Ty (gn + Tv(0)) = Ty gn-
Consequently, f, - 0 in P(U,D(T)), which proves that T" has property (Eg).
n——+0o0o
Conversely, suppose that 7' has property (£3). Then, it follows from ¢/ that Ty is injective. It remains to

be shown that R(Ty) is closed. To this end, consider (gn)ney € R(Ty) such that g oY in H*(U, X).
n—-—+oo

Hence, there exists fn, € P(U,D(T)) for which gn(X) € (T'— X)fn(A) for all A € U N C. Moreover (fn)nen
is a Cauchy sequence in P(U,D(T)). Indeed, if (fn)nen is not a Cauchy sequence then we can construct a
subsequence (@r)ren Of (fn(k))ren such that klim Ok = fak+1) — fne) # 0 in P(U,D(T)). On the other hand,
— 00
for all A€ UNC, (gnkt+1) — Ink))(N) € Tuwr(A) and gn(ut1) — Gnk) = 0 in H*(U, X). But, T has property
n—-+0oo
(&8), so vk " 0 in H*(U, X) which is contradictory. As a consequence, there exists f € P(U, D(T)) for which
n——+oo
lim f, = f in P(U,D(T)). Because G(Tv) is closed, (fn,gn),en € G(Tv) and (fn,g9n) —> (f,9), we obtain

n—oo n—-+oo

that (f,g) € G(Tv). Hence, g € Tu(f) € R(Ty). This proves that R(Ty) is closed.

O

Lemma 3.2 Let T € CR(X) be such that p(T') contains an unbounded component and let Y and Z be two T -strongly
invariant subspaces with the property that T|sY € End(Y). Then

ROT.Y)YNZ)CYNZ forall X € py(T).Y).
Proof Let U:=p¢(T|sY), €Y NZ, S:=p(T)Nps(T|:Y) and

fo:U = Y
A = RO\ T|Y)z.

Our goal is to show that f,(U) CY N Z. We first observe that, for all A € S, we have
faN) =R\ T|Y)x =R\ T)x € RAT)YNRNT)ZCYNZ.

This means that f.(S) C Y N Z. We note that S # () and S is an open subset of U, and therefore it clusters in U.
Because U is an open and connected subset of C, YN Z is a closed subset of Y, and f is an analytic function verifying
f=(S) CY N Z, it follows from [17, Theorem A.3.2] that f,(U) C Y N Z, which completes the proof. m|

Given a closed linear relation 7' : X — X and a T'-invariant closed subspace Y of X, we define the coinduced

linear operator T/Y : X/Y — X/Y induced by T on the quotient space X/Y as follows:

D(T)+Y

and, for all Z € D(T/Y), we have T/YZ = Ta = QyT(a), where z = a+y, a € D(T) and y € Y.
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Lemma 3.3 Let T € CRc(X) be such that p(T') contains an unbounded component. Consider two T -strongly invariant

closed linear subspaces Y and Z of X with the property that X =Y + Z, T|,Y € End(Y), T(Z) C Z and P(Z) C Z,

where P is a bounded linear projection on X which verifies R(P) = D(T). Then the following assertions hold:

i/ T/Z e End(X/Z);

i/ o(T|sY/(Y NZ))Cos(T|sY);

i) o(T/Z) C os(T|sY).

Proof We first observe that D(T/Z) = X/Z. Indeed, we have D(T'|;Y) =Y C D(T), and therefore X =Y + Z =
D(T) + Z. Hence, D(T/Z) = (D(T) + Z)/Z = X/ Z.

i/ To prove that T/Z € CO(X/Z), consider a sequence (Tn)neny € D(T'/Z) such that 7, — T and T/Z(T,) —

iii/

876

n—-+oo n—-+oo
Y, where T,y € X/Z. Then, there exist ((an)nen, (zn)nen) € D(T) x Z and («, z) € D(T) x Z with the property
that =, = an + 2z, and x = a + z. Consequently,

T, =0n, T=0a, &, — aandT/Z(aw) — 7. (3.6)
n——+oo n—-+oo

It follows from (3.6) that there exists (yn)nen C Z such that o, — yn e @ and then P(an — yn) =
n—4o00 n—+oo
P(a). But both a, and o are in D(T) = R(P), and hence P(an — yn) = on — P(yn) — Pla) = .

n—-+4oo

Because T is continuous, it follows that QzT is continuous, and hence QzT (an — P(yn)) —> QzT(«). Thus,

n——+oo

T/Z (an — ﬁ(yn)) — T/Z(@). Since P(y,) € P(Z) C Z, it follows that P(7,) = 0, and therefore

n——+oo

T/Z(an)  —_T/Z(@). (3.7)

(3.7) leads to y = T/Z(a) = T/Z(x), which means that T/Z is closed. In addition, since D(T/Z) = X/Z, we
conclude from [8, Theorem.II1.4.2] that T//Z € End(X/Z).

Let A € p¢(T|sY), and let T € Ker(T|sY/(Y N Z) — A). Then, Qynz(T|sY — M)z = 0, and therefore
(TsY =Xz e Y N Z. Since ps(T)sY) C p(T|:Y), it follows that RO\, T|:Y)(T|sY — M)z € R\, T|Y)(Y N Z).
Hence, z € R(\, T|sY)(YNZ). By Lemma 3.2, we infer that = € YNZ, which entails that Ker(T|,Y/(YNZ)—\I) =
{0}. Now, let j € Y/(YNZ). Because A € p(T|:Y), there exists yo € Y such that y = (T|sY —AI)yo, and therefore
J=Qvnz(T|sY — X)yo = (T|sY/(Y N Z) — M\])yo. Consequently, R(T|Y/(Y NZ)—X)=Y/(Y NZ), which

completes the proof of i/.

We claim that o(T/Z) = o ((T|sY)/(Y N Z)). To verify this, let

R: Y/YnZ) —  X/Z

T — Rr=7=Qzz

be such that D(R) = Y/(Y N Z). Then, R is a bounded linear operator. Indeed, for every z= € Y, |R(Z)|| =
1Qzz|| = d(x, Z) < d(z,ZNY) = ||Z|. Moreover, it is clear that R is injective and since X =Y + Z it becomes
invertible. On the other hand, we can see that (T/Z)R = R f|:1// where 7/”|\5/ = (T|sY)/(Y N Z). Moreover, we

have the following equivalences:

A€ p(T)Z) < T)Z — Al is invertible & (T/Z — M)R is invertible & (T/Z)R — AR
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is invertible & R m — AR is invertible & X € p(m)

This means that o(7/2) = U(ﬂ:{/) = o((T|sY)/(Y N Z)), as claimed. By i/, we conclude that o(T/Z) C
of(T|sY).

Now, we can state the main result of this subsection:

Theorem 3.2 Let T € CR.(X) be a linear relation such that p(T) contains an unbounded component. If T' is extended

spectral decomposable, then T has property (Eg).

Proof Suppose that T is extended spectral decomposable. Let U C Co be an open set and let (fn)nen € P(U,D(T)),

(tn)new € H*(U, X) be two sequences of analytic functions with the property that

tn(A) € (T =N fn(\) foralA\eUNC, neN and t, — 0 in H (U, X).

n—-+oo

To show that f, — 0 in P(U,D(T)), we have to distinguish two cases:

n—-+oo

Case 1: oo ¢ U. In this case, U becomes an open subset of C and (fn)n;nn € H(U,D(T)), so it suffices to prove

that fn —+> 0 on every closed disc G C U C C. Given an arbitrary closed disc G C U, we choose an
n——+00

open disc E; for which G C E; C E; C U, and we apply the extended spectral decomposability of T to

the open cover {E1,Co \ G} of Co. Then, we obtain T-strongly invariant subspaces Y,Z C X for which

5(T|Y) = o(T|sY) C Ey, 5(T)sZ) CCa \G, X =Y + Z, T(Z) C Z, and P(Z) C Z for some bounded linear

projection P which verifies R(P) = D(T). We also have D(T) = D(T|;Y) + D(T|sZ), by Remark 3.1. From

Proposition 1.2.2 of [17], we conclude that there exist functions a, € H(U,D(T|;Y)) and b, € H(U,D(T|s2))

such that
fo=an+b, forallmeN.

Moreover, by Lemma 3.3, we have o(T/Z) C 04(T|sY) C E1. Then 0E: = E1\ E1 C C\ E1 C p(T/Z), and hence
T/Z — M is invertible for all A € E;. Thus, we obtain

Qzfn(N) = Qzan(\) = (T/Z = X) "' Qz(T = XI) fa(\) for all X € OE;.

Because T/Z — A is invertible, it follows from the continuity of A — (T//Z — A)™* on the compact set OF; that
there exists € > 0 for which |[(T/Z — M\I)~!|| < € for every )\ € OF;. Consequently, for every A € 9E1, we obtain

1Qzan NIl = [(T/Z = A1) "' Qz(T = AD fa(WI| <& [Qz2(T = AD fa (V)|
<ed(ta(N), 2) < itV

By the assumption on the functions t¢,, this implies that Qza, € H(U, X/Z) converges to zero uniformly on
OFE, and therefore uniformly on E;, by Theorem A.3.3 of [17]. However, we can see from [17, Proposition
1.2.2] that H(Ey, X/Z) = H(F:,X)/H(FE1,Z), which implies that there is a sequence of analytic functions
(kn)nen € H(FE1, Z) such that an — kn, — 0 locally uniformly on Fi, and hence uniformly on G. But, for all

n—-+oo

) € G, we have an(\) € D(T|sY) C D(T), and therefore P(an(\)) = an(A). As a consequence, a,—P(kn) = 0
n——+0oo

uniformly on G.

Because fn, = an+bn = (an — ﬁ(kn)) + (ﬁ(kn) + bn) for all n € N, it remains to prove that b, +P(k,) converges
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uniformly to zero on G. We first observe that, for all A € G, we have P(k,)(A) € P(Z) N D(T) C Z ND(T),

and therefore P(kn(\)) € D(T|sZ) thanks to Remark 3.1. Moreover, since 5(T|sZ) NG = 0, it follows that
o(T|sZ) NG = (. Hence, for every A € G, the relation T'|;Z — Al is invertible or, equivalently, A € p(T|;Z).
Consequently, A\ — (T|sZ — X\ )71 is continuous on G. Since the latter set is compact, there exists a constant

¢ > 0 with the property that
(T)sZ = AI)"'|| < ¢ forall X € G.

As a result, for all A € G, we have
1(bn + P(kn )N = [(T]sZ = ADTHT|sZ = AD) (b + P(n)) (V)|

< ¢ |[(T]sZ = AL)(bn + P(kn))(A)||-
From Proposition 2.2 and from the fact that T'(0) C T'(Z) C Z, we obtain that

(T|sZ = AI)(bn + P(k))(A) = (T = AI)(bn + P(kn))(\)  for all A € G.
Thus, for all A € G, we have
(b + P(ka)) NI < ¢ (T = AT)(bn + P(kn)) (M)
< e (T = AD)(fa = (an = P(ka)) V]|
e (T =ADfaV)] + ¢ |[(T = A)(an = P(ka)) (V]|

<elta+ ¢ (T = M) (an = Pka)(V)]-

Since A — ||T"— AI|| is continuous on G, there exists b > 0 such that ||T"— AI|| < b. Consequently, for all X € G,
we have
[(br + P(kn)) N < ¢ [[ta (M) + be [[(an = P(kn)) (M,

and therefore b,, + Ig(kn) — 0 uniformly on G, as desired.

n—-+oo

2: oo € U. In this case, from Lemma 3.1, we can suppose that U := B¢ (o, ) for arbitrary Ao € Cs and
2

Naeg
a compact set K C C such that FF = Co \ (C\ K U {c0}) = K. By proceeding as in Case 1, we obtain the
result. If oo € F, then there exists an open set Uy C C such that F = Co \ U1 = C\ Ui U {oco}. Consider
an open disc £ C C such that FF C E U {cc} C EU {oo} C U. Then, E is an open bounded subset of C and
Csx \ F U {oco} is an open subset of Co, and therefore we apply the extended spectral decomposability of T'
to the open cover {Co \ F'U {o0}, E} of Co. We obtain T-strongly invariant subspaces Y,Z C X for which
5(T|Y) = o(T|sY) C E, 5(T)sZ) C Coo \FU{o0}, X =Y + Z, T(Z) C Z, and P(Z) C Z for some bounded
linear projection P which verifies R(P) = D(T). In addition, we have D(T) = D(T|Y) + D(T|.Z) thanks to
Remark 3.1. Since f, € P(U,D(T)), it follows from Lemma 2.3 that there exist two functions g, € P(U, D(T|:Y))
and h,, € P(U,D(T|sZ)) such that f, = gn + hn for all n € N. Proceeding exactly as in Case 1, we conclude that

# ¢ < 2. It remains to show that f, T) 0 on every closed set F' C U. If co ¢ F, then there exists
n——+oo

there exists a sequence of analytic functions (kn)nen C P(E, Z) such that g, — P(kn) "y 0, locally uniformly
n——+oo

on E, and hence uniformly on F \ {co}. Because f, = (gn - IB(kn)) + (hn + ﬁ(k'n)) for all n € N, it remains

to be seen that h, + P(kn) converges to zero uniformly on F \ {oo}.
Since 0(T'sZ) C Co \ F U {00}, we obtain that F N C C p(T|:Z), and therefore, for every A € F NC, the
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relation T'|sZ — AI is invertible or, equivalently, A € p(T'|sZ). Thus, from [8, Proposition VI.3.2], we conclude
that A — (T|sZ — M)~! is a continuous function which converges to zero, and therefore there is a constant ¢ > 0

for which ||(T]sZ — M)~ Y| < c for all A € FNC. As a result, for every A € F N C, we have

(P + Pk )) N = I(T1sZ = A1) H(T[sZ = M) (h + k) V| < el (T]sZ = ML) (R + P(kn)) (V)]

Again, we proceed as in the proof of Case 1 to conclude that, for all A € FFNC, we have
(7 + P(kn)) V| < ¢ [| (T = AL)(hn + P(ka)) NI < € taW)| +¢ | (T = AD)(gn = P(ka)) (V)]

We claim that the function A — ||T" — M| is continuous on (F N C,ds). To see this, consider Ao € F NC,

0<r< ﬁ such that deo(A, Ao) < r and let € > 0. Then, by Lemma 2.2 it follows that
0

4Re(No) ) 4Im(Xo)

( Z (1 + Do) T 12)
=2+ PaP) T T2 NP

A= T2 (1 o)

)<

(14 |Mo|?)v/ (4 —r2) 4N

Hence, |\ < ' + |Xg| with »' = =21+ o) and \j = T2+ o)’ and therefore we obtain the
following implications:
L P <1407+ D) = = <—2
X 0 X
VIHE+X%D? - VI+IAR
N 2|0 — A| < 2|X0 — A
VIFEHND2VTH P VIHRARYI+ o]
= Mo — A < M do (X o), (3.8)

VI + D21+ Aol
2

where M = . On the other hand, we have

1T = M| < (T = AD) = (T = o) + [[(T" = Ao,

and hence
1T = ALl = [T = Mo)I| < o = NI +T = T < |Qr]| 1A = Aol-

We obtain from (3.8) that
1T = M= (T = Xo)ll| < M [|Qrlldoc(X, Ao) < M.
This proves that A — ||T"— A\I|| is continuous, as claimed.

On the other hand, F N C is a compact subset of (U, ds), so there exists b > 0 for which [|T"— || < b for all
A € FFNC. Consequently, for all A € FNC, we have

[+ PRI < € lta)] + e [[(gn = P(ka))(V)]]-

As a result, h,, + P(ky) converges to zero uniformly on FNC, as desired. But we know that f, € P(U, D(T)) so
fn(o0) =0, and therefore f, — 0 uniformly on F. This proves that T has property (£3).

n—-+4oo
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3.1.2. Extended relatively single-valued extension property

We recall that in the case of bounded linear operators and according to Pavla Vrbova [27], the analytic residuum of
T € End(X) is denoted by St and defined as the set of all A € C for which, in every neighborhood U of A, there exist
an open set G C Uy and a nonzero analytic function f which satisfies (T'— pl)f(u) =0 in G. Also, T is said to have
the single-valued extension property whenever St = .
As we are going to consider the local spectral theory for linear relations in the extended complex plane, we shall

reformulate the notions stated above to obtain the following definitions.

Definition 3.4 The extended analytic residuum of a relation T € CR(X) at Ao € C is denoted by St(Xo) and defined
as the union of all open connected neighborhoods Ux, C Cs of Ao for which there exists a function f € P(Ux,,D(T))
satisfying

0e (T —pl)f(p) forallpe Uy, NC,
and there exists po € Uy, such that f(uo) & T(0) N Ker(T). The extended analytic residuum of T is given by
St = Upee, ST(N)-

Definition 3.5 Let T € CR(X). The relation T is said to have the extended relatively single-valued extension property,
abbreviated ER-SVEP, at Ao € Cs if St(XNo) =0, i.e. for every open connected neighborhood Uy, C Coo of Ao and for
all function f € P(Ux,,D(T)) which satisfies

0€ (T —pl)f(u) for all p € Uy, NC, (3.9)

we have f(pu) € T(0) N Ker(T) for all p € Ux,. The relation T is said to have the ER-SVEP if T has the ER-SVEP
at every A € Ceo.

Remark 3.2 Let T € CR(X) be such that R.(T) = {0} and let A € Co. Then, T has the ER-SVEP at X\ if and
only if, for all neighborhood Uy C Co of A, the only function f € P(Ux,D(T)) satisfying 0 € (T — pl)f(u) for all
w € UxNC is the constant function f =0.

The next theorem shows that beside the extended Bishop’s property, the extended relatively single-valued extension

property is also a necessary condition for a linear relation to be extended spectral decomposable.

Theorem 3.3 Let T € CR.(X) be a linear relation such that p(T) contains an unbounded component. If T is extended
spectral decomposable, then T has the ER-SVEP.

Proof Let U be an open connected set in Co, and f € P(U,D(T')) be a function such that
0e (T —pl)f(p) forallpeUNC.
Then, f € Ker(Tu) as f(co) = 0 whenever co € U. Since T is extended spectral decomposable, then it has property

(€3), by Theorem 3.2. Hence, using Theorem 3.1, we obtain that Ty is injective, which entails that f = 0. |

3.1.3. Extended Dunford’s property (Ec)

In this part, we give some definitions related to the local spectral theory in the Riemann sphere to introduce the extended

Dunford’s property in Definition 3.7.

880



BARKAOUI and MNIF/Turk J Math

Definition 3.6 Let T € CR(X) and = € X. We define the extended local resolvent set of T at the point x, denoted
by pr(z), as the set of all A € Co for which there are an open neighborhood Uy in Cs of A and an analytic function

fx,A € P(Ux,D(T)) such that z € (ul — T)]?m)\(u) for all p € Uy NC. Such a function is called an extended local
resolvent function of T at z. The extended local spectrum of T at x is defined by or(z) := Coo\pr(z).

Let F C Co. The extended local spectral subspace of T' at F' is the set /)?;(F) ={we X ; or(w) C F}.
Let FF C Cx be a closed set. The extended glocal spectral subspace of T at F is the set ;Y;(F) of all x € X for which
there exists f € P(Coo \ F,D(T)) such that x € (T — plI)f(p) for all p € (Coo \ F)NC.

Remark 3.3 Let T € CR(X) and F be a closed subset of Coo. Then, the extended local and glocal subspaces of T at
F are both linear subspaces of X which verify the inclusion E(F) C E(F)

Definition 3.7 A relation T € CR.(X) is said to have the extended Dunford’s property (£c), shortly property (Ec), if

the extended local spectral subspace E(;(F) is closed for every closed subset F' C Coo.

Lemma 3.4 Let T € CR.(X) be a relation that has the ER-SVEP such that R.(T) = {0}. Then, for every closed

subset F of Coo, we have

X1 (F) = Xr(F).

Proof By Remark 3.3, we obtain E«(F) C S(\;(F) To prove the other inclusion, let = € E(\;(F) Then, for all
A €U :=Cq \ F, there exist an open neighborhood Uy C U of A in Co and a function fx, € P(Ux,D(T)) such that

z € (T — pl) fao(p) for all € Uy NC. Hence, U = U Uy and there exists a function f € P(U, D(T)) defined by
AEU

f:U — DT
TR

Proa(p) ifpelyAelU

which verifies

€ (T —pul)f(p) forallpeUnC. (3.10)
To prove that f is well defined, we shall show that, for A1, A2 € U, we have J?Al,z(u) = f)\z,z(u) for all 4 € UNC.
To do this, let A1, A2 € U, be arbitrarily given. Then, there exist open neighborhoods Ux,,Ux, € Cs of A1 and Ag,
respectively and (fx, .z, fas.z) € P(Usy, D(T)) x P(Us,, D(T)), verifying

T € (Tf/d)f,\i,m(,u) forall pe Uy,NC, i=1,2. (3.11)

(3.11) implies that 0 € (T — ) (fr,.e — fag.z) (1) for all p € Uy, NUx, NC. Since T has the ER-SVEP and R.(T) = {0},
it follows from Remark 3.2 that ﬁ\l,z(,u) = ﬁ%z(p) for all u € Uy, NUx, NC. By the connectedness of U, we obtain
that fh,z(u) = ﬁ%z(,u) for all u € U N C. Therefore, f is well defined as required. We conclude from (3.10) that
x € .)?T(F)7 which implies that E(\;(F) C ;‘CV'T(F) ]

Beside the two before-stated necessary conditions, we can also consider the extended Dunford’s property as a

third necessary condition of an extended spectral decomposable linear relation.

Theorem 3.4 Let T € CR.(X) be a linear relation such that T'(0) is complemented and p(T) contains an unbounded
component. If T is extended spectral decomposable, then T has property (Ec).
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Proof Let F C Cs be a closed set. Since, by Theorem 3.2, T has property (€g), then, using Theorem 3.3, we
see that T' has the ER-SVEP. Moreover, because p(T) # (), we conclude from Lemma 3.4 and [21, Lemma 6.1] that

E(\T/(F) = ;\.’;(F) Hence, it suffices to prove that /%VT(F) is closed. To this end, let (zn)nen C ECV'T(F) be an arbitrary

sequence which converges to © € X. As (zn)nen C ;YV'T(F), there exists (fn)nen C P(U,D(T)), with U := Cx \ F, such
that
Tn € (T — pl)fa(n) forallneN, peUNC.

Consider the constant function g := 2 € H*(U, X) and the sequence of analytic functions (gn)nen € H*(U, X) such that

gn: U — X
nw o — Tp, neN. T

Then, gn A in H*(U, X). Also, we have gn(u) € (T — pl)fn(p) for all p € UNC and n € N. This entails
n——+oo

that gn € Ty (fn) € R(Ty) for all n € N. Since T has property (£3), we infer from Theorem 3.1 that g € R(Ty), and
therefore there exists f € P(U,D(T)) such that g € Ty (f). Consequently, for all 4 € UNC, we have g(p) € (T—pl) f(1),

or equivalently, = € (T — uI)f(u). This proves that x € )?;(F), and hence /E(F) is closed. m|
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