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Abstract: Let F' be an algebraically closed field of characteristic zero. In this paper we deal with matrix superalgebras
(i.e. algebras graded by Z2, the cyclic group of order 2) endowed with a pseudoinvolution. The first goal is to present
the classification of the pseudoinvolutions that it is possible to define, up to equivalence, in the full matrix algebra
M, (F) of n x n matrices and on its subalgebra UT,(F) of upper-triangular matrices. Along the way we shall give
the generators of the T'-ideal of identities for the algebras M>(F), UT>(F) and UT3(F), endowed with all possible

inequivalent pseudoinvolutions.
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1. Introduction

Let F' be an algebraically closed fixed field of characteristic zero. Given a countable set X of variables z1, zo, .. .,
the free associative algebra F(X) on X over F is the algebra of all polynomials in the variables from X and
with coefficients in the field F'. An F-algebra A is said to be a Pl-algebra if it satisfies at least one non-trivial
polynomial identity. In other words, there exists at least one non-zero polynomial f € F(X) which vanishes
under all substitutions of its variables in the elements of A. The set of all the polynomial identities satisfied by
A is denoted by Id(A) and it is a T-ideal of the free algebra, i.e., an ideal invariant under all endomorphisms
of F(X).

In this paper, in the context of the theory of polynomial identities (PI-theory for short), we shall focus our
attention on the so-called superalgebras with pseudoinvolution. A superalgebra is simply an algebra graded by
Zs , the cyclic group of order two. This means that A can be decomposed in the direct sum A = Ay ® Ay, where
the A;’s are the homogeneous components of A and they satisfy the following properties: AgAg + A1 A1 C Ag
and AgA;, + A1 Ay C A;. This kind of algebras first appeared in physics in order to have an algebraic structure
representing the behaviour of the subatomic particles bosons (Agp) and fermions (A;). The importance of
superalgebras in PI-theory was highlighted by a famous theorem of Kemer ([9]). He showed that every PI-
algebra is equivalent to (i.e., it has the same T'-ideal of identities as) the Grassmann envelope of a finite
dimensional superalgebra.

Now, a pseudoinvolution on a superalgebra A = Ay & A;, is a graded linear map * : A — A such that

a** = (=1)l?lg and (ab)* = (—1)!%Plp*a* for any homogeneous elements a,b € Ay U A;. Here |¢| denotes
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the homogeneous degree of ¢ € Ay U A;. The existence of pseudoinvolutions of the first kind was proved in
2008 by Jaber (see [8]). Two years later, Martinez and Zelmanov used pseudoinvolutions in order to completely
classify the irreducible bimodules over simple finite dimensional Jordan superalgebras (see [12]). In the PI-
theory context, several papers concerning superalgebras with pseudoinvolution have been published recently
([5-7)).

Now it is time to state more clearly the goals of this paper. Let M, (F') be the algebra of n x n matrices
over F'. In 1950, a celebrated theorem of Amitsur and Levitzki ([1]) showed that the standard polynomial Stay,
is an identity for the algebra M, (F) (actually, it is not hard to prove that Sts, is, up to a scalar, the only
identity of minimal degree of M, (F')). This theorem was the beginning of a new approach to PI-theory, the
main objective being the description of the polynomial identities satisfied by a given algebra. The purpose of
this paper goes in this direction.

In characteristic zero, it is well known that, up to isomorphism, the matrix algebra M, (F) can be
endowed with only one non trivial Zs-grading. More precisely, if we write n = k + h, then M, (F) has the
following decomposition as superalgebra:

) ={(§ 7)1xemw. remmte{(y 0)IYeMoalr) 2 Muar) .

Such a superalgebra is denoted by My, (F). In [8], Jaber proved that, up to equivalence, there are only two
classes of inequivalent pseudoinvolutions on this superalgebra: the pseudotranspose pt and the pseudosymplectic
ps (we shall define them in full detail later on). The first goal of this paper is to present the generators of the
ideal of identities for the superalgebra M; 1(F) endowed with the pseudotranspose and the pseudosymplectic
pseudoinvolution.

The last part of the paper is devoted to the study of the algebra UT, (F) of n X n upper-triangular
matrices. If n =2, a basis of the identities of such an algebra was found by Malcev in 1971 (see [11]) whereas
a solution for the general problem was given in 2010 by Latyshev ([10]). Now let us consider when the algebra
UT, (F) has a structure of superalgebra. In [14], the authors completely characterized all the Zs-grading on this
algebra by showing that, up to isomorphism, they are just the elementary ones. By taking into account these
results and according to the classification of the involutions on UT,,(F') given by Di Vincenzo, Koshlukov and La
Scala in 2006, in 2021 the author completely classified the pseudoinvolutions on UT,(F') (see [4]). In the last
sections of the paper we shall recall these results and, along the way, we shall give the generators of the T-ideal

of identities of the algebras UT,(F') and UT3(F), endowed with all possible inequivalent pseudoinvolutions.

2. Preliminaries
Throughout this paper F' will denote an algebraically closed field of characteristic zero and A = Ay & A; an
associative superalgebra over F, i.e., an algebra graded by Zs, the cyclic group of order two. The elements
of Ap and A; are called homogeneous of degree zero (or even elements) and of degree one (or odd elements),
respectively.

Let now consider a countable set of variables X = {z1,x2,...}. Write X =Y U Z as the disjoint union
of two subsets, requiring that the variables of Y are of even homogeneous degree and the variables of Z are
of odd homogeneous degree. If we denote by Fy the subspace of F(Y U Z) spanned by all monomials in the

variables of Y U Z having an even number of variables of Z and by J; the subspace spanned by all monomials
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having an odd number of variables of Z, then it is clear that F(Y U Z) = Fy @ F; is a Zy-grading. Thus we
can refer to F(Y U Z) as the free associative superalgebra.

Now suppose that the superalgebra A is endowed with a pseudoinvolution *. Recall that a pseudoinvo-
lution on A is a graded linear map * : A — A such that a** = (—1)I%la and (ab)* = (=1)l*lIlp*a*, for any
homogeneous elements a,b € Ag U A;. Here |c| denotes the homogeneous degree of ¢ € Ag U A;.

Notice that, if a € A;, then a** = —a and so there are no symmetric or skew-symmetric elements of
homogeneous degree 1. Moreover, the hypothesis that F' is an algebraically closed field ensure us the existence

of an element i such that > = —1. Furthermore, since charF = 0, we can write
A=Al @ Ay © AL @ AT,

where AT ={a € Ay | a* =a} and Ay = {a € Ag | a* = —a} denote the sets of symmetric and skew elements
of Ag and A} = {a € A; | a* =ia} and A" = {a € A; | a* = —ia} denote the sets of i-symmetric and i-skew
elements of Aj, respectively.

We shall write F(Y U Z, %) for the free superalgebra with pseudoinvolution on the countable set Y U Z
over F. It is useful to regard F(Y U Z,*) as generated by (even) symmetric and skew variables and by (odd)
i-symmetric and i-skew variables: if for j = 1,2,..., we let yj' =y +Yj, Y =Y — Y, z; = zj —iz; and

—i -
z; ' = z; + 1z}, thus

F(Y UZ,x) :F(yf’,yl_,zi,zl_i,y;',y;,zé,z;’,...>.

A polynomial f(y ..., ub ur, . un, 2h, 2k 20t 250 € F(Y UZ, %) is a x-polynomial identity
of A (or simply a *-identity), and we write f = 0, if for all uf, ..., u} € AL, uy,...,u, € Ay, vi,..., vl € A}
and vy, ..., vt € ATY, we get
fluds ot ul, o uy v vk et e ) = 0.

We denote by Id*(A) = {f € F{Y U Z,%) | f =0 on A} the T} -ideal of *-identities of A, i.e. an ideal
of F(Y U Z, %) invariant under all graded endomorphisms of F(Y U Z) commuting with the pseudoinvolution
*. Given polynomials fi,..., f, € F(Y U Z,*) we shall denote by (f1,..., fu)7; the T3 -ideal generated by
fi,---, fn. Moreover, in order to simplify the notation, we shall denote by y any even variable, by z any odd
variable and by x an arbitrary variable.

As in the ordinary case, in characteristic zero, every x-identity is equivalent to a system of multilinear
x-identities. Hence, in order to study Id*(A), one can define

P; :spanF{wU(l)u-wa(n) | o €Sy, wj:yj or w;j =y, or w; :z;» or wj = j—27 j=1,...,n}

as the space of multilinear polynomials of degree n in the variables yfr, Yy, 24, zfi, oy Yy, 28 2t and then

analyze P*NId*(A), for all n > 1. The non-negative integer

P*
n n>1

cn(4) dlmFP:;mId*(A)’ =5

is called the n-th x-codimension of A.
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Let n > 1 and write n = n; + --- + ng as a sum of four non-negative integers. We denote by
P,,...n, C P the vector space of multilinear polynomials in which the first n; variables are symmetric,

the next ny variables are skew, the next ng3 variables are i-symmetric and the last ny variables are i-skew.

Now if we set ¢, n,(A) =dimp

aw= X (e, )

ni+t--+na=n

where (m " M) = #'m, stands for the multinomial coefficient. Hence the growth of ¢} (A) is related to the

growth of multinomial coefficients and of ¢, .. n,(A), for any n=mnq +--- 4 n4.

Lemma 2.1 Let A be a superalgebra with pseudoinvolution satisfying an ordinary identity. Then, for n > 1,
en(A) < ci(A) < 4%c,(A).

Since the ordinary codimension sequence of a PI-algebra is exponentially bounded (see [13]), we get the

following. Recall that those algebras satisfying at least one non-trivial ordinary identity are called PI-algebras.

Corollary 2.2 If A is a Pl-superalgebra with pseudoinvolution, then c;(A), n = 1,2,..., is exponentially
bounded.

3. Full matrix algebras and pseudoinvolutions

In this section we focus our attention on matrix superalgebras. Let us consider the full matrix algebra M, (F') of
nxn matrices. Since we are dealing with a field F' of characteristic zero, it is well known that, up to isomorphism,
there is only one non trivial Zs-grading on M, (F'). More precisely, if n = k+ h, then A = M, (F) becomes a
superalgebra A = Ay @ A;, where the homogeneous components are

Ay = {("0( g) | X € My(F), T e Mh(F)} and A — {(g g) 1Y € Myun(F), Z € thk(F)}.

Such a superalgebra is denoted by My, p,(F).

In [8, Theorems 4.3 and 4.4], Jaber proved that, up to equivalence, there are only two classes of
inequivalent pseudoinvolutions on My, 5, (F'). Recall that if A and B are two algebras with pseudoinvolutions
x and  respectively, then (A,x*) and (B,*) are isomorphic, as superalgebras with pseudoinvolution, if there
exists an isomorphism of superalgebras 1 : A — B such that ¢(z*) = ¢(x)*, for all x € A.

For all k > h > 0, the superalgebra M}, ,(F') can be endowed with the pseudotranspose pseudoinvolution

pt defined by:
X v\ Xt 7t
<Z T) <—Yt Tt>’

where t denotes the usual transpose involution.
If h = k, the superalgebra My, 1, (F) can be also endowed with the pseudosymplectic pseudoinvolutions

ps; and ps_; defined, respectively, by:
X Y\"™ [Tt iyt q X vY\"' [Tt iyt
z 1) ~\izt Xt an Z T “ izt xt )
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In what follows we shall present the results of [2], in which the authors gave the generators of the T -
ideal of identities of the superalgebra M 1(F) endowed first with the pseudoinvolution pt and then with the

pseudoinvolutions ps; and ps_;.

a C

b d

a0 ={ (5 0)} (0 o)y = (e )il o))

Theorem 3.1 The Ty -ideal of identities of (My1(F),pt) is generated by the following polynomials

pt
Consider first the algebra (Mj1(F),pt). Since (CCL Z) = < ) , it is not difficult to see that

+ .+ - i —i =i i —i +i 4 i +i 4 i +i +_Fi i+t
ival, ¥y, [zh2), (152l 210z’ 2Yazz — 23 Y A, A y2z?jf +z?j,F?J2Z1-

Proof (Sketch).
Let J be the Ty -ideal generated by the above polynomials. It is easy to prove that J C Id* (M; 1(F),pt).
In order to prove the opposite inclusion, let f € Id* (M;1(F),pt), deg f = n, and assume, as we may, that

f is multilinear. We want to show that f is the zero polynomial modulo J. By taking into account also

the identities [z122,y5] = 0 and [y, 22y3 24] = 0, it follows that f is a linear combination (modulo J) of
monomials of the type

Ui A YA A (3.1)
where h = 0,...,n is the number of variables z’s, a +b = n — h counts the number of variables y*’s and

i <o <dg, j1 < -0 < jp, l1 <--- <lp. In what follows, we may assume that the z’s are just z1’s. Then,
we can take into account that there are exactly 2" monomials of each kind.
Now assume that oy, .., j1,....js.01,....1 i the coefficient with which the above monomial appears in f.

In order to show that f is the zero polynomial, it is sufficient to consider the following evaluation:

° yZ=-~-=y?;:eu.

° yjt:"':yj—‘:2622-

o yF =0, forany s & {i1,...,0a,715---,7b)-
. z?;:-~-=z?;=€12+i621.

ez =0, forany t & {l1,...,In}.

There are several possibilities but in any case it follows that f is the zero polynomial and we are done. O

Corollary 3.2 ¢, (My1(F),pt) =4" —2" + 1.

Proof We need just to count the monomials in (3.1). For fixed a, b and h > 0, it is easy to see that they are:
n—h
(h =\
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Recalling that we have to consider that each z can be i-symmetric or i-skew (2" possibilities) and by taking

into account the monomial yf‘ <yt we get that

n n n—h n—h
“ (My1(F),pt) =1 9h =4" 2"+ 1.
¢, (M1 (F), pt) +hz% (h) ._0< J ) '

[

d ic

nom=( e (6 D DYe(6 9

Theorem 3.3 The Ty -ideal of identities of (M1 1(F),ps;) is generated by the following polynomials

pS; .
Now let us consider the algebra (M 1(F),ps;). Since (Z b) = <d Zj) , we get

+ - - - iii
ax]a [yl » Yo ]a Yy oz, Z R1R9%3 — R3%2%1-

ly

Proof (Sketch).

Let J be the T -ideal generated by the above polynomials. It is easy to prove that J C Id* (M7 1(F), ps;).
Now let f € Id" (My1(F),psi), deg f = n, and assume, as we may, that f is multilinear. We want to show
that f is the zero polynomial modulo J. Clearly, f is a linear combination (modulo J) of monomials of the
type

+ + - e
yil ‘e yinl yjl e yj”2 le ceez (3.2)

ln—nl—HQ ’

where 77 < -+ <p,, J1 < <Jny, l1 <lzg <+, lag <ly <---. Moreover, assume that o O A T A is

the coefficient with which the above monomial appears in f. In order to show that f is the zero polynomial,

it is sufficient to consider the following evaluation:

. y;g:---:yjnl =ej1 + ey and y =0, for any r & {i1,...,4n, }-
* Y, ==Y, T e~ e and y; =0, for any s € {j1,.--,Jno}-
+_ +_

= =e12, 2, =7 -+ =eg91 and zj‘ =0, forany ¢t € {l1,..., ln—ny—ns}-

4

We get ar ... e12 otherwise. In

dnny —n2€11 +toar gy €22 if n—n; —ng iseven and ay j,...

n—mni—n2-- stn—nq1—n2

any case we are done. O

2 1
Corollary 3.4 ¢, (My11(F),ps;) = ( n:—1> ~ 4"
n

Proof We need just to count the monomials in (3.2). For fixed n; and ng, it is not difficult to see that they

() (") (=)
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Hence we get that

o= () ()G - () o

ny,n2

O

d —ic a

s ={(5 o6 )il o)l o))

With the same approach of Theorem 3.3 and of Corollary 3.4, we get the following result.

pPS—i .
Finally, if we consider the pseudoinvolution ps_; on M 1(F) given by (CCL b) = ( d Zb) , we

get

Theorem 3.5 The Ty -ideal of identities of (My1(F),ps—i) is generated by the following polynomials

+

i

whal, [urusl, y ozl 2 ztzyiagt - ayiaial

2 1
Moreover, c;, (M1 1(F),ps—i) = ( n:1> ~ 4",
n

4. Pseudoinvolutions on upper-triangular matrices

In [4], the author gave a classification of the pseudoinvolutions on the superalgebra UT,, (F) of n x n upper-
triangular matrices. Such a classification was obtained by making use of the notion of the so-called superauto-
morphisms and of a strict relation between pseudoinvolutions and graded involutions. In what follows we shall
recall these results.

Let us start by presenting two involutions on UT, (F'). The so-called reflection involution o: UT, (F') —
UT,(F) is defined on the matrix units by the formula:

o .
€;; = €n+1—jn+1—i, foranyl<i,j<n.

Ly,

Now assume that n = 2m is even and consider the matrix J = ( 0

_(} > . Then, forany Y € UT,(F),

s: UT,(F) — UT,(F)
Y — JY°J

is an involution on UT,,(F). In [3], the authors proved the following.

Theorem 4.1 [3, Proposition 2.5] If F' is a field of characteristic different from 2, every involution on UT, (F)

1s equivalent to o or to s. Moreover, s can occur only if n is even.

Now let us give a structure of superalgebra to UT,,(F'). In this direction, we have the following result of
Valenti and Zaicev, proved for any finite abelian group G and here presented just for Zs, the cyclic group of
order 2.
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Theorem 4.2 [1/] Let F' be an algebraically closed field of characteristic zero and let UT, (F') be the algebra
of n xn upper-triangular matrices over F graded by Zo. Then UT,(F), as a Za-graded algebra, is isomorphic

to UT, (F) with some elementary Zs -grading.
Recall that an n-tuple g = (g1,...,9n) € Z% defines an elementary Zs-grading on UT, (F) by setting
(UT,(F))o = span{e;; | g +¢g; =0 (mod 2)} and (UT,(F))1 =span{e;; | gi +g; =1 (mod 2)}.

Finally, recall that an involution % : A — A on the superalgebra A = Ay @ A; is said to be a graded
involution if AY C A;, for all ¢ € {0,1}. In 2009 Valenti and Zaicev classified, up to equivalence, all graded
involutions on the G-graded algebra UT,,(F). In the following theorem we present such a result in the context

of superalgebras.

Theorem 4.3 [15, Theorem 5.4] Let F be an algebraically closed field of characteristic zero and let UT, (F)
be the superalgebra of n x n upper-triangular matrices over F . Suppose that UT,(F) is endowed with a graded
involution §. Then UT,(F), as a Zs-graded algebra with graded involution, is isomorphic to UT, (F) with an
elementary Zs -grading defined by an n-tuple (g1,...,gn) such that

G+ gn=92+9gn-1="""=91+gn
and with involution o or s. The involution s can occur only if n is even.

Now we are almost ready to give the classification of the pseudoinvolutions on the superalgebra UT,, (F),
proved in [4]. To this end, recall that a bijective graded linear map ¢: A — A on a superalgebra A = Ag ® A,

is a superautomorphism if

o(ab) = (=1)19tlo(a)p(b), for all a,b e AgU A;.

Now we introduce a particular superautomorphism that it is possible to define on any F'-superalgebra
A, where F' is an algebraically closed field. In fact, under this hypothesis, we may assume that there exists an
element i € F such that 2 = —1.
Definition 4.4 Let A = Ay ® Ay be a superalgebra over an algebraically closed field F. We define
[OF Ao@Al —)Ao@A1

ag + a1 — ag + 1aq.

In [4] it was proved that ® is a superautomorphism commuting with any graded linear map on a
superalgebra A and such that ®2(a) = (—1)!%la, for any homogeneous element a € Ay @ A; .

The following result will allow us to give the classification of pseudoinvolutions on UT,,(F).

Theorem 4.5 Let A = Ag® Ay be a superalgebra. A map x: A — A is a pseudoinvolution if and only if there
exists a graded involution #: A — A such that x = §®.

We now define two pseudoinvolutions on the upper-triangular matrix superalgebra. Let o and s be the

reflection and the symplectic graded involution defined above. We give the following definitions.
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Definition 4.6 The pseudoinvolution o: UT, (F) — UT,(F), defined by 6 = o®, is called pseudo-reflection.

Definition 4.7 The pseudoinvolution §: UT, (F) — UT,(F), defined by 5 = s®, is called pseudo-symplectic.

The following theorem is the main result of this section.

Theorem 4.8 Let F be an algebraically closed field of characteristic zero and let UT,(F) be the superalgebra
of n x n upper-triangular matrices over F. Suppose that UT,(F) is endowed with a pseudoinvolution .
Then UT,(F), as a Zo-graded algebra with pseudoinvolution, is isomorphic to UT,(F) with an elementary
Zs -grading defined by an n-tuple (g1,...,9n) such that

G+ In=92+9gh-1=""=91 1t 9n

and with pseudoinvolution & or §. The pseudoinvolution § can occur only if n is even.

5. Polynomial identities on UT:(F)

In this section we focus our attention on 2 x 2 upper-triangular matrices. By Theorem 4.2, every Zs-grading
on UT,(F) is an elementary Zs-grading and, among them, the different (non isomorphic) ones are induced by

the following pairs of elements of Zs:

(0,0) and (0,1).

First we consider the case of UT(F) with the elementary Zs-grading defined by the pair (0,0). From
now on, UT5(F') ) shall denote this superalgebra with trivial Z,-grading. Since (UTQ(F)(O’O))1 =0, it is
clear that the pseudoinvolutions on UT3(F')(o,0) coincide with the involutions. In [3], the authors proved that

it is possible to define on UT5(F) only the two involutions o and s we have presented before. Here we recall

the definition of such involutions in the case of 2 x 2 upper-triangular matrices.

Let (a C) € UT,(F'), then we have:

0 b
aco_bc dacs_b—c
06) N0 a) ™ Nobv) 0 a)
It is important to remark that, since UT>(F")(o,0) is a superalgebra with trivial grading, the superauto-
morphism @ is the identity map and hence the pseudoinvolutions 6 and § defined before are exactly the
involutions o and s.

In the following theorems we present the results of [3] in which the authors found a basis of the T -ideal

of UT»(F) in the settings of superalgebras with pseudoinvolution, for convenience of the reader.

Theorem 5.1 [3, Theorem 3.1] Let (UTQ(F)(O’O),O) be the superalgebra of 2 x 2 wupper-triangular matrices
with trivial Zs -grading and endowed with the pseudoinvolution o. Then the T -ideal of identities of this algebra
is generated, as a T3 -ideal, by the following polynomials:

wival iyl Wwionllve vl vivtys —waytyr, 2 2
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Theorem 5.2 [3, Theorem 3.2] Let (UTQ(F)(0,0),S) be the superalgebra of 2 x 2 upper-triangular matrices
with trivial Zs -grading and endowed with the pseudoinvolution s. Then the Ty -ideal of identities of this algebra

is generated, as a T3 -ideal, by the following polynomials:

—1

wi vl woy'] v llys.usls vivays —vysysyr. 2 2

Let now focus our attention on UT5(F)(o,1), the superalgebra of 2 x 2 upper-triangular matrices with

elementary Zs-grading defined by the pair (0,1). In this case the subspaces of homogeneous elements of degree
0 and 1 are:
(UTQ(F)(OJ))O = Fey1 ® Fegs, and (UTQ(F)(Oal))l = Feqo.

Since the pair (0,1) satisfies the property 0+ 1 = 1+ 0, according to Theorem 4.8, we have that on

UT5(F) 0,1y we can define the pseudoinvolutions ¢ and 5.

Let us start by considering A = (UTQ(F)(071)76), the superalgebra UTy(F)(,1) endowed with the

(65 -0 %)

The four sets of symmetric and skew even elements and of i-symmetric and i-skew odd elements are:

pseudoinvolution . We have that

A7 = Fen+en), Ay =F(en—exn), Aj=Fen, A'=0.

In the following we compute a basis for the 7% -ideal of identities of A. In order to simplify the notation,

we denote by x an arbitrary variable.

Theorem 5.3 The Ty -ideal of identities of A = (UTQ(F)(O"l), 6) is generated by the following polynomials

—1

whal, [yl y 2i+2y, 2z, oz

Proof Let J be the Tj-ideal generated by the above polynomials. It is easy to prove that J C Id*(A).

In order to prove the opposite inclusion, let f € Id*(A), deg f = n, and assume, as we may, that f is
multilinear and f € P, .. n,, where n = nq +---+nys. We want to show that f is the zero polynomial modulo

J. Since 27 =0 and ziz4 =0, if ny # 0 or n3 > 2, it is obvious that f is the zero polynomial. Then let

ng =0 and 0 < ng < 1. By the other identities it is easy to see that
fzayf--y,flyl—---y;z (mod J), ny +ng =n,
or
f Eﬂyi‘VuyTJ{lyl—uy;Qz* (mod J), ny +ny+1=nmn.

In the first case, by making the evaluation yf =e11 +e22, 1 <i<ng and yj_ =e11 —e, 1 <j<ng,
we get a(err + ex) = 0. Thus a = 0. Similarly, if f = By -yl y; -y, 2" (mod J), by making the
evaluation y;r =e11 +ex, 1 <1< ng, y; = en — ez, 1< j <ng and 2' = e, we get Beia = 0 and so
B =0. Hence f is the zero polynomial modulo J and the proof is complete. O

An easy computation allows us to obtain the following result.
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Corollary 5.4 Let A = (UTQ(F)(O71)76) be the superalgebra UTy(F) 0,1y with the pseudoinvolution &. Then

ci(A)=2""1(n+2).

n

Let now B = (UTQ(F)(O’l),g) be the superalgebra UT5(F) (1) with the pseudoinvolution 5. We have

(5 -0 )

The four sets of symmetric and skew even elements and of i-symmetric and i-skew odd elements are:

that

Bf = F(e1 +ex), By =F(e1n —exw), Bi=0, B;'=Fep..
The following result can be proved in a similar way as the preceding one, so we omit the proof.

Theorem 5.5 The T4 -ideal of identities of B = (UTQ(F)(OJ), §) is generated by the following polynomials

am]a [y;’y5]7 y_Z_i‘f'Z_iy_; zi> Zlﬂzzﬂ

Moreover, ci(B) =2""Y(n+2).

6. Polynomial identities on UT5(F)

In this section we focus our attention on 3 x 3 upper-triangular matrices. By Theorem 4.2, every Zs-grading
on UTjs is an elementary Zs-grading and, among them, the different (non isomorphic) ones are induced by the

following triples of elements of Zs:
(0,0,0), (0,0,1), (0,1,1), (0,1,0).

First we consider the case of UT5(F) with the elementary Z,-grading defined by the triple (0,0,0).
From now on, UT3(F)(9,0,0) shall denote this superalgebra with trivial Z;-grading. Since (UT3(F)(0,0,0))1 =0,
it follows that the pseudoinvolutions on UT3(F),0,0y coincide with the involutions. In [3], the authors proved

that it is possible to define on UT3(F) just the involution o (it is not possible to define the involution s since
3 is odd). Recall that

a b c f e c a b c
0 d e] =10 d b, forall {0 d e | c€UT5(F).
0 0 f 0 0 a 0 0 f

In the following theorem we present the results of [3] in the language of superalgebras with pseudoin-
volution, for convenience of the reader. In order to simplify the notation, if the variable can be indifferently
y; or y; we shall denote it as y;t Moreover we put |y; | = 0 and |y;"| = 1. Here we observe that [y;" ,y;f]
and [y; ,y; | are skew elements while ;" y; | is symmetric. We shall use the notation |yszy]jE
+ +
i Yj

| for [[y;", 7]l
In other words |y | equals 0 when the commutator [yjt,yji] is skew and it equals 1 if the commutator is

symmetric.
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Theorem 6.1 [3, Theorem 6.6] Let (UTg(F)(O7070),O) be the superalgebra of 3 x 3 upper-triangular matrices
with trivial Zs -grading and endowed with the pseudoinvolution o. Then the Ty -ideal of identities of this algebra

is generated, as a T3 -ideal, by the following polynomials:
1. z,
2- StS(yl_ay2_7y3_)7
+ + + +
3. (_1>‘y1 v ‘[yit7y§t][y§t7yz:lt] - (_1)|y3 Y ‘[yétﬂyf][yitﬂyét] ’
1y E uE s 4 (=D vi T Tt v e
4 1 lvsyalys + (1) Y2 Ly valyr
5. Wyt yalys lys i)
—rE -+ B4 4.
6. yr lyisyslya ys + (D)W sy [y, v lys
£+ + & &+
7o (=D g ue s ui ] — (D sy, 3l lys s v ] + (D) v [y uilva  wa -

According to Theorem 4.8, it is easy to see that it is not possible to define any pseudoinvolution on
UTg(F)(O’O’l) and on UT3<F>(O’1’1) .

Finally we consider the superalgebra of 3 x 3 upper-triangular matrices with elementary Z,-grading

defined by the triple (0,1,0). In this case the subspaces of homogeneous elements of degree 0 and 1 are:
(UTS(F)(O,LO))O = F€11 D F622 D F633 D F613, and (UT3(F)(07170))1 = F€12 D F623.

According to Theorem 4.8, on C' = UT3(F)(o,1,0) it is possible to define only the pseudo-symplectic

pseudoinvolution 6 = o® given by

<]

a b c f ie ¢
0 d e|] =0 d b
00 f 0 0 a

The four sets of symmetric and skew even elements and of i-symmetric and i-skew odd elements are:
C(T = F(611 -+ 633) ® Fegsy @ F613, C(; = F(611 - 633), Ci = F(612 =+ 623), C;l = F(612 - 623) .

In the following we compute a basis for the T35 -ideal of identities of C. In order to simplify the notation

we denote by y; any variable of homogeneous degree 0 and by z; any variable of homogeneous degree 1.

Theorem 6.2 Let C = (UTS(F)(O,l,O)a 6) be the superalgebra of 3 x3 upper-triangular matrices with elementary
Zs -grading defined by the triple (0,1,0) and endowed with the pseudoinvolution &. Then the Ty -ideal of

identities of this algebra is generated, as a Ty -ideal, by the following polynomials:

1 [y, 3l 3y yz s — Y3 vz ui 5. z2lyf g ],

2. [y, vzl 4 i v s uils 6. [yi, sz,
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7. Y1 2Ys 10. 27 'y T2yt — 2y tytet, 13. [27% 251,
8. 21y 22, 11. 2yt ey’ + 2ty T2t 14. 2270 4 270
9. ZiyTzh — Zhytat, 12. [, 2], 15. 212923

Proof Let J be the Ty -ideal generated by the above polynomials. It is easy to prove that J C Id*(C).

In order to prove the opposite inclusion, first we find a set of generators of P modulo P} N J, for all
n > 1. To this end, let us consider P,, . n,, where ny +--- 4+ ng = n. Since 212923 = 0, then it must be
n3 +ng < 2. Thus we have to consider three cases.
Case 1: n3 =n4 =0.
By the Poincaré-Birkhoff-Witt theorem, any polynomial can be written as a linear combination of products of

the type
yj; y;;ykjl y;qwlwm’
where wi, ..., w,, are left normed commutators in the yj's and y; s, j1 < Jo <---<jpand ky <ky <--- <k
By the identities 1. — 4. plus the identities
iy w1 =00 hywe] -l u ] =0, oy ur ]+ 20 vy =0,

it is not difficult to prove that Py, n,0,0 is generated modulo P, ;0,0 N J by the polynomials

—

v uh v, and gyl ) (6-1)

where 1 < [ < n; and yl+ means that the variable yl+ is omitted. We next show that these polynomials
are linearly independent modulo Id*(C'). To this end, let f € Id*(C) be a linear combination of the above

polynomials and write

ni o
f=ayl -yl v+ Y By uh v ] (mod J). (6.2)
=1
By making the evaluation yj' =ej1tesz,i=1,...,n1 and yJ_ =e11—e33, 1 < j < no, one gets ale;;tessz) =0

and so a = 0. Now, for any 1 <[ < ny, consider the evaluation
yj:eu—l—egg,i€{17...,n1}\{l}, ny:elg, Yy =e1n —es3, me{l,...,na}.

We get §;(—2)™e13 = 0 and so §; = 0. Therefore the polynomials in (6.1) are linearly independent modulo

P, ny00NId*(C) and we are done in this case.

Case 2: nzg +ng = 1. We suppose that ng =1, ngy =0 (the case ng =0, ny = 1 is analogous).

Since we are considering monomials in which a z* appears, according to the identities 5. and 6. we can order
also the variables y*’s and y~’s, both on the left and on the right. But by identity 7., it is not possible to
have a variable y~ both on the left and on the right of the 2. By making use also of the identities 1. and 2.,

we get that each monomial of P,, , 1,0 can be written modulo J as

Vi YR YT Uy oyl oyl gy, (6.3)
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where 7+ s =n1, 91 <i2 <--- <4 and j; < j2 < --- < js. So the monomials above span Py, n, 1,0 modulo
J. Let us show that they are linearly independent modulo Id*(C). To this end, let f € Id*(C) be a linear

combination of these monomials and write

fEZal717Jyz...y;tyl_...yEQleyﬁ...y;’;+ Z /67n7H7Ky2_1...y;ﬁz;;y]:_l...y;uyl_...y;2 (modJ),
L,1,J m,H,K

with r+s =t+u=mny, I = {ir,....5}, J = {j1,...,Js}, H={h1,....0n}, K = {k1,...,ky} and
< o<y, j1 << Jg, b1 <--<hg, kg <--- < ky. Suppose that there exists al,]”];éo or ,BLLJ#O
for some [, I and J. The evaluation yit:eu—i—egg,, a=1,...,r,y, =ei1—e33,b=1,...,ng, zf:elg+623,
y;t =eg,c=1,...,s, gives ay 1 ge12 £ B sre23 = 0. Thus oy ;7 = 81,51 = 0, a contradiction. Therefore the

monomials in (6.3) are linearly independent modulo P, , 1,0 NId"(C).

Case 3: n3+ny = 2. We consider n3 =2, ng =0 (the cases ng =0, ng = 2 and nz = ng = 1 are analogous).
In this case, by using identities 1., 2., 5., 6. plus the identities from 8. to 12. (notice that, instead of identity
12. in the case ng = 0, ny = 2 we will use identity 13. and in the case ng = ngy = 1 we will use identity 14.),
each monomial in P,, , 20 can be written modulo J as
+, - — i + i, + - -
i e Ay Ay Y Y (6.4)
where 41 < -+ <4 <ipq1 < -0 <dp,—s and j; < --- < js. Thus these monomials span Py, n,,2,0 modulo J.

Let us show now that they are linearly independent modulo Id*(C). To this end, let f € Id*(C) be a linear

combination of the above monomials and write

_ + +,— — i, + i, + - -
F= ) Qaprayl vy v 2yt v Ay v Y Y (6.5)
a,b,1,J
a<b

where T ={i1,...,in,—s}, J={j1,---,0s} and 41 < -+ <y <ippy <+ <lpyos, 1 < " < Js.
Suppose that aqp 7.7 # 0 for some a < b, I and J. The evaluation y;: = e +es3, h =1,...,n1 — s,
Y = e11 —e33, k= 1,...,n9, zfl = z}; = ey1g + €93, y;lr = e, | =1,...,s, gives *ag1,5€13 = 0.
Therefore g p.7,7 =0, a contradiction. In conclusion the monomials in (6.4) are linearly independent modulo
P ng,2,0NId"(C).

By putting together the previous results, we get that the polynomials in (6.1), (6.3) and (6.4) are linearly
independent modulo P NId*(C), n=n1+---+n4, and since P} NId*(C) D P*NJ, they form a basis of P}

(mod P NId*(C)) and so J =1d"(C). O
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