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Abstract: In the investigation of ordered I'-hypersemigroups we often need counterexamples (of finite order) given by
a table of multiplication and a figure that are impossible to make by hand and very difficult to write programs as well.
So it is useful to have examples of ordered I'-semigroups for which is much more easier to write programs and then
from these examples to obtain corresponding examples of ordered I'-hypersemigroups. In this respect we show that from
every example of a regular, intra-regular, right (left) regular, right (left) quasi-regular, semisimple, right (left) simple,
simple, strongly regular ordered I'-semigroup given by a table of multiplication and an order, a corresponding example
on ordered I'-hypersemigroups can be obtained. From examples of different kind of ideals of ordered I'-semigroups,

corresponding examples of ordered I'-hypersemigroups can be obtained. Examples illustrate the results.
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1. Introduction-Prerequisites

In the theory of ordered hypersemigroups the regularity, intra-regularity and related topics are essential for the
investigation; in many of them, different kind of ideals play an essential role. We often need (counter)examples
that clearly are impossible to make by hand and difficult to write programs. To overcome this difficulty we
use examples from ordered semigroups [5]. As a continuation of the paper in [5], we show here that from
(finite) examples of ordered I'-semigroups given by a table of multiplication and an order, examples of ordered
I'-hypersemigroups can be obtained.

For nonempty sets A, B and I', denote by AI'B the set defined by

AT'B:={ayb|a€ A, be B, yeT}.

Let M and I' be two nonempty sets. Then M is called a I'-semigroup if the following assertions are satisfied:
(1) MTM C M
(2) if a,b,e,d € M and v, € T such that a =¢, v =p and b =d, then ayb = cud
(3) (ayb)pc = ay(buc) for all a,b,c € M and all v, €T [3, 10].

Condition (1) can be also written as follows:

For every a,b € M and every v € I', we have ayb € M.
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If we have only the conditions (1) and (2), then this is the definition of a I'-groupoid.

In other words, a I'-semigroup is a nonempty set M with a set I' of binary operations on M , satisfying
the associativity condition (avyb)uc = ay(buc) for all a,b,c € M and all v,u € I'. A T'-semigroup M is called
an ordered I'-semigroup (shortly po-T'-semigroup) if there exists an order relation < on M such that a <b

implies aye < byc and c¢ya < ¢yb for every ¢ € M and every v € T [11].

For the sake of completeness, we will give some definitions already given in [6].

Let M and I' be two nonempty sets. The set M is called a I'-hypergroupoid if the following assertions
are satisfied:

(1) if a,b € M and v €T, then @ # ayb C M and

(2) if a,b,¢,d € M and «,u € T such that a =c¢, vy = p and b= d, then ayb = cud.

In other words, a I'-hypergroupoid is a nonempty set M with a set I" of binary hyperoperations on M .

According to [6, Definition 3.2] and [6, Definition 3.3], if M is a T'-hypergroupoid, then for every v € T
we denote by 7 the operation on P*(M) (induced by the hyperoperation ) defined by

ANB = U ayb
acA,beB

and by T' the operation on P*(M) defined by

ATB:= | | A¥B
yel

respectively (P*(M) is the set of all nonempty subsets of M ).

As one can easily see, A'B = U avb [6, Remark 3.4]. As a consequence, if M is a TI'-
a€AbEB,y€eT

hypergroupoid, * € M and A, B nonempty subsets of M, then z € AI'B if and only if z € ayb for some
a€A,beB,vyeT (and thus, a € A, b€ B, v €T, implies ayb C AT'B) (see also [6, Lemma 3.7]).

We also have {z}7{y} = xyy for every x € M [6, Lemma 3.5] which we often use.

In addition, if M is a I'-hypergroupoid, A, B,C, D subsets of M such that A# 0, C #0 and A C B
and C C D, then A¥C' C B¥D [6, Lemma 3.6] and AT'C C BI'D [6, Lemma 3.8].

For two nonempty subsets A and B of M, we write A < B if for any a € A there exists b € B such
that a <b. If A< B and B <C, then A <X C. Indeed: Let a € A. Since A < B, we have a < b for some
be B. Since B<C and b € B, we have b < ¢ for some ¢ € C. For the element ¢ € C', we have a < ¢ and so
A=xC.

A T-hypergroupoid M is called a T'-hypersemigroup [6, Definition 3.14] if

{a}7(buc) = (avb)i{c}

for every a,b,c € M and every v,u €.

For the concept of ordered I'-hypersemigroups we refer to [9, Definition 2.3] and [9, Definition 2.4];
though the concept of I'-hypersemigroup should be corrected in it. Thus, a I'-hypersemigroup M is called an
ordered I'-hypersemigroup [7] if there exists an order relation < on M such that a < b implies aye < byc and
cya = cyb for every ¢ € M and every v € I'. If u < a and v < b, then wyv = ayv and ayv < ayb and so
uyv = avyb.

324



KEHAYOPULU/Turk J Math

According to [7, Lemma 2], if M is a I'-hypersemigroup then, for any nonempty subsets A, B,C of M

and any v,p € I', we have
(ATB)C = A7(BRC).

According to [6, Proposition 3.17], for any nonempty subsets A, B, C' of a I'-hypersemigroup M , we have
(ATB)I'C = AT(BT'C).

As a consequence we can write expressions of the form, say A¥BuC, AyBaCpDwE or AI'BTC,
AT'BTCTDI'E etc., without using parentheses.
For a nonempty subset A of M, we denote by (A] the subset of M defined by

(Al :={t e M |t < a for some a € A}.
Clearly, (M] = M and ((A]] = (A] for any nonempty subset A of M. We also have the following

(A]=A <~ iface Aand M 3b<aq, then b € A.

2. Main results
Theorem 2.1 Let (M, f, <) be an ordered T -groupoid, the elements of T denoted by symbols like v, 1, p, W
etc. For each a,b € M and each v € T' we consider the (hyper)operation on M defined by

v:MxM—P(M)|(a,b) = ayb:={t € M |t < a7b}.

Then the set M with the same order < and the set of hyperoperations T' = {v | 7 € f} is an ordered I -
hypergroupoid; denoted by (M,T',<). In particular, if (M,f, <) is an ordered T -semigroup, then (M,T',<) is

an ordered T -hypersemigroup as well.

Proof If (M,f,g) is an ordered I'-groupoid, then (M,T',<) is an ordered I'-hypergroupoid. In fact: If
a,be M and v €T, then 0 #£ayb C M. If a,b,c,de M, v, u €T, a=c, y=p, b=d and x € avyb, then
x < ayb = cud, then = € cud and so ayb C cud. Similarly, cud C ayb and so ayb = cud. If a < b, ce M
and v € T', then aye < byc and c¢ya < ¢yb. Indeed: Let x € ayc. Then x < a7e. Since < is an order on
(M,f, <) and a < b, we have ayc < byc. Then z < b¥e, from which z € byc and so aye < bye. If z € ¢ya,
then x < c¢ya < b, then = € ¢yb and so cya = ¢yb.

Let now (M, ﬁ <) be an ordered I'-semigroup. To prove that (M, T, <) is an ordered I'-hypersemigroup,
is enough to prove that {a}7(buc) = (ayb)z{c} for every a,b,c € M and every ~,u € T (see [6, Definition
3.14]). In this respect, let a,b,c € M, v,u € T and t € {a}7(buc). By [6, Definition 3.2], we have t € ayu
for some u € buc. Then t < aju and u < bpc from which ¢t < a¥(bpc) = (a¥b)fic. Then we have
t € (ayb)uc = {ayb}u{c} (by [6, Lemma 3.5]). Since a¥b < a7¥b, we have a¥yb € avyb, then {ayb} C avb.
Since {a7b} C avb and {c} C {c}, by [6, Lemma 3.6], we have {a¥b}ii{c} C (avb)u{c}. Thus we get
t € (ayb)i{c}. Let now t € (ayb)ii{c}. Then ¢ € upc for some u € ayb. Then ¢t < upc and u < ayb from
which t < (ayb)ic = a7y (bic). Then we have t € ay(bic) = {a}7{bpc}. Since buc < bpc, we have bpc € buc,
then {bgic} C buc and so t € {a}7y(buc). Thus we obtain {a}7(buc) = (ayb)ii{c} and the proof is complete. O
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Example 2.2 The set M = {a,b,c,d} with the operations 7 and [ defined by Tables 1, 2 and Figure 1 is
an ordered " -semigroup. Applying Theorem 2.1, from this ordered T"-semigroup, the ordered T -hypersemigroup

defined by Tables 3 and 4 and the same order (given by Figure 1) can be obtained.

Table 1. The operation 75 of the I'-semigroup of Example 2.2.

Yla|b|lc|d
ala|blc|a
blc|c|c|b
clclclc|c
dla|b|c|d

Table 2. The operation i of the I'-semigroup of Example 2.2.

alblc|d
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Figure 1. Figure 1 of Example 2.2.

Table 3. The operation v of the I'-hypersemigroup of Example 2.2.

a b c d

{a} {a,b} | {ab,c} | {a}
{a,b,c} | {a,b,c} | {a,b,c} | {a,b}
{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c}
{a} {ab} | {abc} | {d}

oo |loe |2

If we keep the Tables 1 and 2 and change the order to anyone of Figures 2, 3 or 4, we still get an ordered
I'-semigroup. From Tables 1, 2 and Figure 2, the ordered I'-hypersemigroup given by Tables 5, 6 and the same
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Table 4. The operation p of the I'-hypersemigroup of Example 2.2.

Wl a b c d
a | {a} fab} | {abc} | {a}
b | {a,b,c} | {a,b,c} | {a,b,c} | {a,b,c}
¢ | {abc} | fabc} | fabe} | {abec}
d | {a} {ab} | fabic} | {a}

C
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e U

e a

[

d

Figure 2. Figure 2 of Example 2.2.

Cc

a d

Figure 3. Figure 3 of Example 2.2.

c

b

Figure 4. Figure 4 of Example 2.2.

order can be obtained. From Tables 1, 2 and Figure 3, the ordered I -hypersemigroup given by Tables 7, 8 and
the same order can be obtained. From Tables 1, 2 and Figure /, the ordered 1" -hypersemigroup given by Tables

9, 10 and the same order can be obtained.
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v | a b ¢ d

a | {d,a} {d,a,b} {d,a,b,c} | {d,a}

b | {d,a,b,c} | {d,a,b,c} | {d,a,b,c} | {d,a,b}
¢ | {da,b,c} | {d,a,b,c} | {d,a,b,c} | {d,a,b,c}
d | {d,a} {d,a,b} {d,a,b,c} | {d}

Table 6. The operation p of the I'-hypersemigroup of Example 2.2 related to Figure 2.

Wl a b c d

a | {d,a} {d,a,b} {d,a,b,c} | {d,a}

b | {d,a,b,c} | {d,a,b,c} | {d,ab,c} | {d,a,b,c}
¢ | {da,b,c} | {d,a,b,c} | {d,a,b,c} | {d,a,b,c}
d | {d,a} {d,a,b} {d,a,b,c} | {d,a}

Table 7. The operation 7 of the I'-semigroup of Example 2.2 related to Figure 3.

v la b ¢ d

a | {a} {b} {abcd} | {a}

b | {a,b,c,d} | {a,b,c,d} | {a,b,c,d} | {b}

¢ | {a,b,c,d} | {a,bc,d} | {a,b,c,d} | {a,b,c,d}
d | {a} {b} {a,b,cd} | {d}

Table 8. The operation p of the I'-hypersemigroup of Example 2.2 related to Figure 3.

wla b c d

a | {a} {b} {a,b,cd} | {a}

b | {a,b,c,d} | {a,b,c,d} | {a,bc,d} | {a,b,c,d}
¢ | {a,b,e,d} | {ab,c,d} | {a,b,c,d} | {a,b,c,d}
d | {a} {b} {abcd} | {a}

Table 9. The operation 7 of the I'-hypersemigroup of Example 2.2 related to Figure 4.

v | a b ¢ d

a | {a} {b} fa,b,c} | {a}

b | {a,b,c} | {ab,c} | {a,b,c} | {b}

¢ | {a,be} | {a,b,c} | {a,b,c} | {a,b,c}
d | {a} {b} fa,b,c} | {d}

In the following, when we refer to (M ,f,g) this is the ordered I'-semigroup (or I'-groupoid) considered
in Theorem 2.1. When we refer to (M,T",<), this is the ordered I'-hypersemigroup (or I'-hypergroupoid)

constructed by the ordered I'-semigroup (M, f, <) in the way indicated in Theorem 2.1.

As an application of Theorem 2.1, we get the theorems of this section.
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Table 10. The operation g of the I'-hypersemigroup of Example 2.2 related to Figure 4.

a b c d

{a} {b} f{a,b,c} | {a}
{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c}
{a,b,c} | {a,b,c} | {a,b,c} | {a,b,c}
{a} {b} {abc} | {a}

Qo |oTle |

A nonempty subset A of the ordered groupoid (M ,f, <) is called a right ideal of M if (1) ATM C A;
that is, if a € A, ?ef, u € M, then ayu € A and (2) if a € A and M b < a, then b€ A ie. (4] = A; it
is called a left ideal of M if (1) MTAC A; that is, if u € M, RS [, a €A, then ayu € A and (2)if a€ A
and M b < a, then b € A. If A is both a right and a left ideal of M, then it is called an ideal of M. A
nonempty subset Q of (M,T, <) is called a quasi-ideal of M if (1) (QFM] N (MfQ] C Q; that is if t < g7ym
for some ¢q € @, ?Ef, m € M and t < nug for some n € M, ﬁEf, g€ Q,then t € Q and (2) if a € Q
and M >b<a,then b€ Q.

These concepts can be naturally extended to the ordered I'-hypergroupoid (M,T, <) as follows.

Definition 2.3 [8, Definition 2.5] A nonempty subset A of the ordered T'-hypergroupoid (M,T', <) is called a
right ideal of M if (1) ATM C A; that is, if u € aym for some a € A, vy€T', m € M, then u € A and (2)
ifa€ A and M >b<a, then b€ A; it is called a left ideal of M if (1) MTA C A; that is, if u € mvya for
somemeM,vyel, ac A, then ue€ A and (2)if a€ A and M >b<a, then be A. If A is both a right
and a left ideal of M , then it is called an ideal of M .

Definition 2.4 [7] A nonempty subset A of the ordered T -hypergroupoid (M,T',<) is called a quasi-ideal of
Mif (1) (QTM]N(MTQ] C Q; that isif t < x for some x € gym; € Q, vy €T, me M and t <y for some
yenug;neM, pel’, ge@, thent€Q and (2) if a€ @ and M 3b<a, then b€ Q.

Theorem 2.5 The set A is a right (resp. left) ideal of the ordered T -groupoid (M,f, <) if and only if it is
a right (resp. left) ideal of the ordered T -hypergroupoid (M,T,<). A set @Q is a quasi-ideal of the ordered

I' -groupoid (M,f7 <) if and only if it is a quasi-ideal of the ordered T -hypergroupoid (M,T,<).

Proof Let A be a right ideal of (M,T,<) and let 2 € ATM. By [6, Remark 3.4], we have x € aym for
some a € A, vy € ', m € M, then we have z < aym € AT'M . Since A is a right ideal of (M,f, <),we have
ATM C A and 2 € A. Thus we get ATM C A and so A is a right ideal of (M,T, <). Conversely, let A be a
right ideal of (M,T,<) and let = € ATM . Then z = aym for some a € A, 5 € T, me M. Since z < aym,
we have « € aym C ATM C A and so = € A. Thus we have AT M C A and so A is a right ideal of (M,IN“, <).

Let @Q be a quasi-ideal of (M,f,g), t <ux forsome x € gym; g€ Q,vyel', me M and t <y for
some y €nug; n € M, p€n, g € Q. Since z € gym, we have x < ¢ym. Since y € nug, we have y < npg.
We have t < ¢ym for some ¢ € Q, ﬁef‘, m € M and t < nug for some n € M, ﬁef, g € Q. Since
Q is a quasi-ideal of (M,l:7 <), we have t € Q and so @ is a quasi-ideal of (M,T',<). Conversely, let @ be
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a quasi-ideal of (M,T,<) and let ¢t < gym for some ¢ € Q, 7 € f, m € M and t < npug for some n € M,
ﬁei geQ. Thent<t, teqgym;qe@,vel',meM andtenug; ne M, pel', g€ @. Since Q is a
quasi-ideal of (M,I', <), we have t € @ and so @ is a right ideal of (M, f, <). O

A nonempty subset B of (M,T, <) is called a bi-ideal of M if (1) BTBI'B C B; that is, if = aybjic
for some a,b,c € B, 7,1 € 1~“7 then z € B and (2) if a € B and M b < a, then b € B. A nonempty subset
D of (M,f7 <) is called an interior ideal of M (see also [2]) if (1) MTDI'M C D; that is if z = aydpb for
some a,be M, de D, i,ﬁef,thenxeD and (2)if a€ D and M >b<a, then be D.

The corresponding concepts for the ordered I'-hypersemigroup (M, T, <) are as follows.

Definition 2.6 [7] A nonempty subset B of the ordered T -hypersemigroup (M,T',<) is called a bi-ideal of M
if (1) BTBT'B C B; that is, if « € (ayb)u{c} for some a,b,c € B, v,u €T, then x € B and (2) if a € B and
M>b<a, thenbe B.

Definition 2.7 A nonempty subset D of the ordered T -hypersemigroup (M,T, <) is called an interior ideal of
M if (1) MTUDI'M C D; that is if © € uym and u € nud for some mn € M, y,u €', d € D, then x € D
and (2) if a€ D and M >b<a, thenbe D.

Theorem 2.8 A set B is a bi-ideal of the ordered T'-semigroup (M,f, <) if and only if it is a bi-ideal of the

ordered T -hypersemigroup (M,T,<). A set D is an interior ideal of (M,f, <) if and only if it is an interior
ideal of (M,T,<).

Proof Let B be a bi-ideal of (M,T',<) and let # € BIBI'B. Then x € (ayb)i{c} for some a,b,c € B,
v, € T'. Then there exists u € ayb such that z € uuc (by [6, Definition 3.2]). Then v < a¥b and = < ujic,
and thus x < a7ybuc € BT'BT'B. Since B is a bi-ideal of (M,f, <), we have BT'BT'B C B and z € B. Thus we
have B'BT'B C B and so B is a bi-ideal of (M,T",<). Let now B be a bi-ideal of (M,T", <) and let x = a¥bjic
for some a,b,c € B, 7,Ji € I'. Since z < a¥bjic, we have z € (ayb)uc = {a7b}i{c} (by [6, Lemma 3.5]). Since
a¥b € avyb, we have {a7b} C ayb. Then z € (ayb){c} (by [6, Lemma 3.6]). Then, since B be a bi-ideal of
(M,T,<), we have € B and so B is a bi-ideal of (M,f, <).

Let D be an interior ideal of (M,f7 <) and let = € uym and u € nud for some m,n € M, v,u € T,
d € D. Then x < uym and u < nud, and thus z < nudym € MT'DI'M. Since D is an interior ideal
of (M,ﬁg), we have MIDI'M C D and z € D. Thus D is an interior ideal of (M,T,<). Conversely,
let D be an interior ideal of (M,T,<) and let z = ajdfib for some a,b € M, 3,i € I', d € D. Then
x € (ayd)ub = {ayd}u{b} (by [6, Lemma 3.5]). Since a¥d € ayd, we have {a¥d} C ayd and so z € (ayd)u{b}
(by [6, Lemma 3.6]). Then x € uub for some u € ayd (by [6, Definition 3.2]). Since z € upb, v € avd,
a,be M, v,u €T, de D and D is an interior ideal of (M, T, <), we have « € D. Thus D is an interior ideal

of (M,T,<). m
The ordered I'-semigroup (M, f, <) is called regular if for every a € M there exist z € M and 7,1 € r

such that a < ayxpa. It is called intra-regular if for every a € M there exist z,y € M and 7,1, p € T such
that a < xyapuapy.
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Definition 2.9 [8, Definition 2.3] The ordered T'-hypersemigroup (M,T, <) is called regular if for every a € M
there exist * € M and v, € T' such that {a} =< (ayz)i{a}; in other words, for every a € M, there exist
z,t €M and v,u €T such that t € (ayz)n{a} and a <t.

Definition 2.10 /8, Definition 2.10] The ordered T -hypersemigroup (M,T,<) is called intra-regular if for
every a € M there exist x,y € M and ~,u,p € I' such that {a} < (zva)i(apy); in other words, there exist
x,y,t € M and v, u,p €T such that t € (zya)i(apy) and a < t.

Theorem 2.11 The ordered I -semigroup (M,f, <) is regular if and only if the ordered T -hypersemigroup

(M,T,<) is regular. The ordered T -semigroup (M,f,g) is intra-reqular if and only if the ordered TI'-
hypersemigroup (M, T, <) is intra-regular.

Proof Let (M7f, <) be regular and a € M. Then there exist z € M and 7,1 € I such that a < ayTaa.
Then we have a € (a¥x)pa = {ayx}u{a} (by [6, Lemma 3.5]). Since a¥yz € ayz, we have {ayz} C avyz.
Then we have a € {ayz}u{a} C (ayx)p{a} (by [6, Lemma 3.6]). Since a € (ayx)i{a} and a < a, we have
{a} = (ayx)i{a} and so (M,T',<) is regular. Let now (M,T,<) be regular and a € M. Then there exist
xz,t € M and 7,pu € T such that t € (ayz)a{a} and a < t. Since t € (ayx)n{a}, we have t € uua for
some u € ayx (by [6, Definition 3.2]). Then we have ¢ < upia and u < ayz from which ¢ < (ayz)ia and so
a < ayzpa; thus (M, T, <) is regular.

Let (M,f,g) be intra-regular and a € M. Then there exist x,y € M and v,u,p € [ such that
a < (z7a)ii(apy). Then we have a € (z7a)pu(apy) = {xya}a{apy} (by [6, Lemma 3.5]). Since z7a € zya and
apy € apy, we have {zya} C zya and {apy} C apy. By [6, Lemma 3.6], we have {z¥a}{apy} C (xya)i(apy),
and so a € (zya)u(apy). Since a € (zya)i(apy) and a < a, (M,T',<) is intra-regular. Let now (M, T, <) be
intra-regular and a € M. Then there exist x,y,t € M and v,u,p € ' such that ¢ € (xya)f(apy) and a < t.
Since t € (zvya)i(apy), we have t € upv for some u € zya, v € apy (by [6, Definition 3.2]). Then we have
t <wpv, u < aya, v < apy, and then t < zyapiapy. Then a < zyapapy and so (M, T, <) is intra-regular. O

The ordered I'-semigroup (M ,f, <) is called right regular if for every a € M there exist x € M and

Y, € I such that a < ayapx; it is called left regular if for every a € M there exist x € M and 7,1 € I such
that a < zvyapa.

Definition 2.12 /8, Definition 2.13] The ordered T -hypersemigroup (M,T,<) is called right regular if for
every a € M there exist x € M and v, € T such that {a} = (aya)i{x}; in other words, there exist x,t € M
and v, € T such that t € (aya)p{x} and a < t. It is called left regqular if for every a € M there exist
x €M and v, € T such that {a} = {x}¥(apa); in other words, there exist x,t € M and v, € T' such that
t € {z}7(apa) and a < 't.

Theorem 2.13 The ordered I'-semigroup (M,f,g) is right (resp. left) reqular if and only if the ordered
[ -hypersemigroup (M,T, <) is right (resp. left) reqular.

Proof Let (M,f,g) be right regular and a € M. Then there exist + € M and 7,1 € I such that
a < (aya)pz. Then a € (aya)ux = {aya}u{z} (by [6, Lemma 3.5]). Since aya € aya, we have {aya} C aya
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and so {ava}u{z} C (aya)i{z} (by [6, Lemma 3.6]). We have a € (aya)i{z} and a < a and so (M,T, <) is
right regular. Let now (M,T, <) be right regular and a« € M. Then there exist z,t € M and ~,u € T such
that ¢ € (aya)i{z} and a < ¢. Since t € (aya)i{z}, we have t € upz for some u € aya (by [6, Definition

3.2]). Then we have ¢t < upiz and u < a¥a, then ¢ < ayapiz and so a < a¥yaux; thus (M, T, <) is right regular.
O

The ordered T'-semigroup (M,T', <) is called right (resp. left) quasi-regular [4] if for every a € M there
exist z,y € M and 7,71, € I such that a < a¥yzfiapy (resp. a < zyapiypa).

Definition 2.14 The ordered T -hypersemigroup (M,T",<) is called right quasi-reqular if for every a € M
there exist x,y € M and v, u,p € T such that {a} < (ayz)@(apy); in other words there exist x,y,t € M and
Y, i, p € T such that t € (ayx)i(apy) and a < t. It is called left quasi-regular if for every a € M there exist
x,y € M and v, u,p € T such that {a} X (zya)i(ypa); in other words, there exist x,y,t € M and v,u,p € T
such that t € (xya)i(ypa) and a < t.

Theorem 2.15 The ordered I -semigroup (M, f, <) is right (resp. left) quasi-regular if and only if the ordered
I -hypersemigroup (M,T, <) is right (resp. left) quasi-reqular.

Proof Let (M,f,g) be right quasi-regular and @ € M. Then there exist z,y € M and 7,/i,p € ' such
that a < (a¥z)u(apy). Then a € (aVx)u(apy) = {aYx}i{apy} (by [6, Lemma 3.5]). Since ayx € ayz and
apy € apy, we have {ayz} C ayx and {apy} C apy, hence {ayz}u{apy} C (ayx)@lapy) (by [6, Lemma 3.6]).
Since a € (ayx)i(apy) and a < a, (M,T,<) is right quasi-regular. Let now (M, T, <) be right quasi-regular
and a € M. Then there exist x,y,t € M and 7, u,p € T such that t € (ayx)i(apy) and a < t. Then t € upv
for some u € ayx, v € apy (by [6, Definition 3.2]). Thus we have ¢t < upv, u < ayzx and v < apy; therefore

t < a¥yzpapy. Then a < ayapapy and so (M, T, <) is right quasi-regular. O
The ordered I'-semigroup (M, f, <) is called semisimple [4] if for every a € M there exist z,y,z € M

and v, 1, p,w € I such that a < TYQRYPAz .

Definition 2.16 The ordered T -hypersemigroup (M,T, <) is called semisimple if for every a € M there exist
z,y,2 €M and v, p, p,w € ' such that {a} =< (xya)u(ypa)w{z}; in other words there exist z,y,z,t € M and
v,y pyw € T such that t € (zya)i(ypa)w{z} and a <t.

Theorem 2.17 The ordered T'-semigroup (M, T, <) is semisimple if and only if the ordered T -hypersemigroup
(M,T,<) is so.

Proof —. Let (M,f, <) be semisimple and a € M. Then there exist z,y,z € M and 7,5, p,0 € ' such
that a < (zya)p(ypawz). Then

a € (z7ya)u(ypawz) = {xya}i{ypawz} (by [6, Lemma 3.5]).
Since z7a € zya, we have {zya} C xya. We also have ypawz = (ypa)wz € (ypa)wz and so
{ypa} C (yFa)ws = {ya}@(z} (by [6, Lemma 3.5))
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Since ypa € ypa, we have {ypa} C ypa. Then {ypa}lw{z} C (ypa)w{z} (by [6, Lemma 3.6]). Thus we have
{ypawz} C (ypa)w{z}. Hence we obtain

a € {z7ya}u{ypaoz} C (x’ya)ﬁ((ypa)w{z}) (by [6, Lemmas 3.5 and 3.6])

(zya)f(ypa)w{z} (by [7, Lemma 2]).

Then {a} < (zya)f(ypa)w{z} and so (M,T, <) is semisimple.
<. Let (M,T, <) be semisimple and a € M. Then there exist z,y,z,t € M and v, u, p,w € I' such that
t € (zya)fi(ypa)w{z} and a < t. By [7, Lemma 2]), t € ((xva)ﬁ(ypa))@{z}. Since (zya)u(ypa) C MM C M,

by [6, Definition 3.2], we have t € hwz for some h € (zva)u(ypa), and h € upv for some u € xya, v € ypa.

Then
t < hwz, h <upv, u < xvya, v < Yypa.

We have ¢ < (upw)wz and uiv < zyafypa. Then t < (xyapypa)wz and a < xyapypawz. Thus (M,T, <) is

semisimple. O

The ordered I'-groupoid (M ,f, <) is called right (resp. left) simple if M is the only right (resp. left)
ideal of M. This is equivalent to saying that for every a,b € M there exist z € M and v € ' such that
b < ayx (resp. b < z7a). An ordered T'-semigroup (M,f, <) is called simple if M is the only ideal of M;
equivalently, for every a,b € M there exist z,y € M and 7,1 € I such that b < Tyauy .

Definition 2.18 (see also [8, Definition 2.27]) An ordered T -hypergroupoid (M,T',<) is called right (resp.
left) simple if for every a,b € M there exist x € M and v € T' such that {b} <X ayx (resp. {b} = zva); in
other words, for every a,b € M there exist x,t € M and v € ' such that t € ayx (resp. t € xya) and b <t;
(this is equivalent to saying that M is the only right (resp. left) ideal of M .

Remark 2.19 Let us prove that the following are equivalent: (1) M is the only right ideal of M (2) For every
a,b € M there exist x € M and v € T' such that {b} <X ayx. We prove first that, for any nonempty subsets

A,B of M, we have (A]I'(B] C (AI'B]. We note that ATB = U ayb C M. Let now z € (AI'(B].
a€Ay€eTbEB

Then x € uyv for some u € (A], vy € T', v € (B]. Since u € (4], we have u < a for some a € A. Since
v € (B], we have v < b for some b € B. Since u < a and v < b, we have uyv < avyb. Since r € uyv,
there exists y € ayb such that x <y. We have © < y € ayb C AI'B and so x € (AI'B|. (1) = (2). Let
a,b € M. The set (al'M] is a right ideal of M. Indeed: (al' M|I'M = (aT M|T'(M] C (aI'MTM] C (aI'M] and
((aT'M]] = (aI'M] (as it holds for any nonempty subset X of M ). By hypothesis we have (al'M] = M . Since
be M, we have b <t for some t € al' M. Since t € al'M , we have t € ayx for some y €', z € M. We
have t € ayx and b <t and so {b} < avyz. (2) = (1). Let A be a right ideal of M. Then A= M. Indeed:
Let b € M. Take an element a € A (A # 0). Since a,b € M, by (2), there exist x,t € M and v € T such
that t € ayxr and b<t. We have t € ayrx C ATM C A and sot € A. Since b<t € A, we have b € A. Thus
we have M C A and so A= M.

Definition 2.20 An ordered I' -hypersemigroup is called simple if for every a,b € M there exist x,y € M and
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v, € T such that {b} < (xya)af{y}; in other words, for every a,b € M there exist x,y,t € M and v,u € T
such that t € (xya)@{y} and b <t (this is equivalent to saying that M is the only ideal of M ).

Remark 2.21 Let us prove that, for an ordered T"-hypersemigroup M , the following conditions are equivalent:
(1) M is the only ideal of M (2) For every a,b € M there exist x,y € M and v,u € T' such that
{b} = (zva)u{y}. (1) = (2). Let a,b € M. The set (MTal'M] is an ideal of M. Indeed: (MTal' M|I'M =
(MTaTMJT(M] C (MTal(MTM)] C (MTaT'M] also MT(MTaT'M] C (MTaT'M] and ((MTal'M]] =
(MTal'M]. Since M is the only ideal of M, we have (MTal'M] = M. Since b € M, b < t for some
t € MTal'M . Since t € (MTa)T'M, by [6, Remark 3.4], t € upy for some w € MTa, pe T, y e M. Since
u € MTa, u € zya for some v € M, vy €T'. We have t € upy = {u}a{y} C (zya)p{y}. Since t € (xya)u{y}
and b <t, we have {b} < (zya)i{y}. (2) = (1). Let A be an ideal of M. Then A= M. Indeed: Let b€ M.
Take an element a € A (A # 0). Since a,b € M, by (2), there exist x,y,t € M and v, € T such that
t € (zya)u{y} and b <t. We have xya C MT A C A (by [6, Remark 3.4]) and (xya)i{y} C AzM C ATM C A
(see [6, Lemma 3.6 and Definition 8.8]). Thus we have t € A. Since b <t € A, we have b € A. Thus we
M C A and so A= M.

Theorem 2.22 The ordered T -groupoid (M,f,g) is right (resp. left) simple if and only if the ordered T -
hypergroupoid (M,T',<) is so. The ordered T -semigroup (M,f,g) is simple if and only if the ordered T -
hypersemigroup (M,T',<) is so.

Proof Let (M,f7 <) be right simple and a,b € M. Then there exist x € M and 7 € T such that b < aye.
Then we have b € ayz and so {b} < ayx and (M,T, <) is right simple. Let now (M, T, <) be right simple and
a,b € M. Then there exist x,t € M and v € I" such that ¢ € ayr and b < t. Then we have ¢t < ayz and so
b < ajx; thus (M,T,<) is right simple.

Let (M,T,<) be simple and a,b € M. Then there exist z,y € M and 7,7 € I' such that b < (z7a)fiy.
Then b € (xya)py = {xya}u{y} (by [6, Lemma 3.5]). Since zya € zvya, we have {xya} C zva; then
{z7ya}u{y} C (zya)a{y} (by [6, Lemma 3.5]). Then {b} < (zva)u{y} and so (M,T', <) is simple.
Let now (M,T, <) be simple and b € M. Then there exist z,y,t € M and ~,u € T such that ¢ € (xya)a{y}
and b < t. By [6, Definition 3.2], ¢ € uuy for some u € xya. Then we have t < upiy and u < z7a and so
t < z¥apy. Then b < zyapy and so (M, T, <) is simple. O

The concept of strongly regular ordered semigroups [1] can be extended to ordered I'-semigroups as
follows: An ordered I'-semigroup (M, T, <) is called strongly regular if it is regular and ayb = bya for every
a,b € M and every v € I'; that is, it is regular and commutative.

The TI'-hypergroupoid M is called commutative if ayb = bya for every a,b € M and every v € I'. That
is, if a,b € M and ~ € I, then z € a~b if and only if = € bya.

Definition 2.23 An ordered T -hypersemigroup (M,T, <) is called strongly regular if it is regular and commu-

tative.

Proposition 2.24 The ordered T'-semigroup (M,f, <) is strongly regular if and only if the ordered T -hyper-
semigroup (M,T',<) is so.
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Proof It is enough to prove that the ordered I'-groupoid (M, f, <) is commutative if and only if the ordered
[-hypergroupoid (M,T', <) is commutative.

=. Let (M,f,g) be commutative and a,b € M, v € T'. If x € avb, then = < ayb = bya, z < bya, and
x € bya. If x € bya, then x < bya = avb, x < a”vb, and z € ayb. Thus we have = € avb if and only if = € bya

and so (M, T, <) is commutative.

<. Let (M,T,<) be commutative and a,b € M, 5 € I. Since ayb € ayb = bya, we have ayb € bya and
so ayb < bya. Since bya € bya = avb, we have bya € ayb and so bya < ayb. Thus we have avb = bya and

(M,T, <) is commutative. O

Example 2.25 Consider the ordered T -semigroup (M, f, <) given by Tables 1, 2 and Figure 1 of the Example
2.2. The set {a,b,c} is an ideal of (M,f, <). Indeed:
{a,b,c)TM = {a,b,c}{7,i}{a,b,c,d}
= {aya,ayb, ayc, ayd, bya, byb, byc, byd, cya, cyb, cye, cyd, ajia,
afib, ajic, ajid, biia, bb, biic, bid, cfia, cfib, cfic, ciid}
= {a> b7 0}7
we also have Mf{a,b, ¢} C{a,b,c} and x € {a,b,c} and M >y < x implies y € {a,b,c}.

The set {a,b,c} is an ideal of the ordered T -hypersemigroup (M,T',<) defined by Tables 3, / and Figure
1. Indeed:

{a,b,c}T M

vy
z€{a,b,c},veT,ye{a,b,c,d}

= avyaUaybUaycUaydUbyaUbybUbycUbydU cyaUcybU cyeU eyd
= apaUapbUapucUapd U bua U bub U buc U bud U cua U cub U cuc U cud
= {a,b,c};
that is, {a,b,c} is a right ideal of (M,T,<). Similarly MT{a,b,c} C {a,b,c} and so the set {a,b,c} is an ideal

of (M,T,<) (see also Theorem 2.5). In fact, one can check that the set {a,b,c} is the only ideal of (M,T,<)
and the only ideal of (M,T,<) as well.

Example 2.26 (see also [5, Example 15]) Consider the ordered T -semigroup (M, f, <), where M = {a,b,c,d, e}
and T = {7} defined by Table 11 and Figure 5; this is regqular, intra-regular, right reqular and left regular.

The right ideals of (M,f, <) are the sets {a,b,d} and M.

The left ideals of (M,f,g) are the sets {a}, {a,c}, {a,b,d}, {a,b,c,d}, and M.

The bi-ideals and the quasi-ideals of (M,f, <) coincide with the left ideals of (M,f, <).

According to Theorem 2.1, to this ordered T"-semigroup corresponds the ordered T -hypersemigroup given

r

by Table 12 and the same Figure 5.

According to Theorems 2.11, and 2.13 this is also a regular, intra-regular, right regular and left reqular

ordered T'-hypersemigroup, having the same right ideals, left ideals, bi-ideals and quasi-ideals as the ordered

I -semigroup (M, f, <).
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Table 11. The ordered I'-semigroup of the Example 2.26.

Yla|b|lc|d]e
ala|d|la|d]|d
bla|bla|d]|d
cla|ld|c|d]|e
dla|d|la|d]|d
elald|c|d]|e

e
c d

a b

Figure 5. Figure of Example 2.26.

Table 12. The ordered I'-hypersemigroup of the Example 2.26.

a b d d e

{a} | {a,b,d} | {a} {a,b,d} | {a,b,d}
{a} | {b} {a} | {a,bd} | {a,b,d}
{a} | {a,b,d} | {a,c} | {a,b,d} | {a,b,c,d,e}
{a} | {a,b,d} | {a} {a,b,d} | {a,b,d}
{a} | {a,b,d} | {a,c} | {a,b,d} | {a,b,c,d,e}

Do |ol R

Example 2.27 The ordered T'-semigroup of the Example 2.2 given by Tables 1, 2 and Figure 1 is an example
of regular, intra-reqular, right reqular, left reqular, right quasi-regular, left quasi-reqular and semisimple ordered
T -semigroup. [This is not right simple, not left simple, not simple, not strongly reqular|. According to Theorem
2.11, Theorem 2.13, Theorem 2.15 and Theorem 2.17, the ordered 1" -hypersemigroup given by Tables 3, 4 and
Figure 1 is an example of a reqular, intra-reqular, right reqular, left reqular, right quasi-regular, left quasi-reqular
and semisimple ordered T -hypersemigroup, respectively. According to Theorem 2.5 and Example 2.25, the set
{a,b,c} is an ideal of the ordered I"-hypersemigroup. Independently, one can check that the above results are
true. It might be mentioned here that for an ordered I -semigroup or an ordered I -hypersemigroup the ideals
are quasi-ideals and the quasi-ideals are bi-ideals. An ordered T -semigroup or an ordered T -hypersemigroup

that is right regular or left regular is intra-reqular as well.

Example 2.28 The ordered I -semigroup of the Example 2.2 given by Tables 1 and 2 and Figure 2, 3 or j are

also reqular, intra-reqular, right reqular, left reqular, right quasi-regqular, left quasi-regular and semisimple and so,
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according to Theorem 2.11, Theorem 2.13, Theorem 2.15 and Theorem 2.17, the ordered I' -hypersemigroup given
by Tables 5, 6 and Figure 2, the ordered T"-hypersemigroup given by Tables 7, 8 and Figure 3 and the ordered
I -hypersemigroup given by Tables 9, 10 and Figure J are also examples of reqular, intra-reqular, right reqular,
left regular, right quasi-regular, left quasi-regular and semisimple ordered T"-hypersemigroups. Independently,

one can check that the results of the example are true.

Note The Lemma 11 in [5] should be corrected as follows: Let (S, -, <) be an ordered groupoid and (5,0, <)
the ordered hypergroupoid constructed by (S, -, <) in the way indicated in [5, Lemma 1]. Let a,2 € S. Then
ax = za if and only if aox =z oa.

With my best thanks to the anonymous referee for his/her time to read the paper very carefully.
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