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Abstract: In this paper, we investigate a class of four-point boundary value problems of fractional g-difference equation
with p-Laplacian operator which is the first time to be studied and is extended from a bending elastic beam equation. By
Avery—Peterson theorem and the method of lower and upper solutions associated with monotone iterative technique, we
obtain some sufficient conditions for the existence of multiple positive solutions. As applications, examples are presented

to illustrate the main results.

Key words: Fractional g-difference equation, p-Laplacian operator, mixed derivatives, positive solution

1. Introduction

The g-difference calculus or quantum calculus has been of great interest recently. It was initially developed by
Jackson [13]. In regard to basic definitions and properties of g-difference calculus, the reader can confirm in
the books [11] and [4]. It is well know that the time scale calculus includes g-difference calculus (or quantum
calculus) as a special case (i.e. dynamic equations on time scales include related g¢-difference equations as a
special case); see, e.g., the papers [6-8] for more details.

More recently, perhaps due to the explosion in research within the fractional calculus setting, new
developments in the theory of fractional ¢-difference calculus were made. Compared with integer order g¢-
calculus, fractional g-calculus is better and more accurate to describe physical phenomena. Therefore, the
theory of fractional g-calculus has been widely used in the fields of mathematical physics, dynamical systems
and quantum models and so on[9, 19, 23]. The fractional g-difference calculus had its origin in the works by
Al-Salam [3] and Agarwal[l]. Many effective and interesting results can be found in [2, 9, 24] and references
therein.

As a matter of fact, p-Laplace equations (equations with p-Laplacian like operators) arise in a variety of
real world problems such as in the study of non-Newtonian fluid theory, porous medium problems, chemotaxis
models, and so forth; see, e.g., the papers [6-8, 10, 15-18, 26] for more details. Fractional differential equations
with p-Laplacian operators have been widely applied in many fields of science and engineering, such as vis-
coelastic mechanics, non-Newtonian mechanics, electrochemistry, fluid mechanics, combustion theory, materials
science, etc. There are some papers dealing with the existence of solutions for fractional differential equations

and fractional g-difference equation with p-Laplacian operator, see [12, 14, 20, 21, 25]. For example, very
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recently, S. Li, Z. Zhang and W. Jiang studied the existence of at least triple positive solutions for four-point
boundary value problems of nonlinear fractional differential equations with p-Laplacian operators by using the
Avery—Peterson theorem [14].

In [12], Z. Han et al. investigated the following eigenvalue problem of fractional differential equation with

generalized p-Laplacian.

Dy (¢(Dgu(t) = Mf(u(t), 0 <t <1,

u(0) = u'(0) = u'(1) = 0, p(Dg:u(0)) = (¢(Dg+u(0))" =0,
where 2 < a < 3, 1 < 8 < 2. By using the properties of Green function and Guo-Krasnosel’skii fixed-point
theorem in cones, several new existence results of positive solutions in terms of different eigenvalue intervals are

obtained.
In [21], X. Li et al. studied the following eigenvalue problems of a class of nonlinear fractional g-difference

equations with generalized p-Laplacian

DY (p(Du(t))) + Af(u(t) =0, 0 < t < 1,
{u(O) — Dyu(0) =0, Dyu(1) = 8 >0, DZu(0) =0,

and the second kind is homogeneous boundary conditions

D7 (p(Dgv(t))) +Af(v(t)) =0, 0 <t <1,
{v(O) = D,v(0) =0, Dyov(1) =0, Dgv(0) = 0.

By using fixed point theorem in cones, some results for the existence of positive solutions are obtained.
In [25], Q. Yuan and W. Yang considered the fractional ¢-difference four-point boundary value problem

with p-Laplacian operator

{Dqﬁ(wp(Df;“U(t))) = f(t,u(t)), t€(0,1),

u(0) = 0, u(1) = au(€), Dyu(0) =0, Dgu(1) = bD (n).

where 1 < a<2,and 0<a, b, £, n < 1. By means of the upper and lower solutions method associated with
the Schauder fixed point theorem, some existence results of at least one solution are obtained.

Motivated by the previously mentioned works, we will investigate the following four-point boundary value

problems of fractional ¢-difference equation with p-Laplacian operator
D} (¢p(“Dgu(z))) = gz, u(x), Dyu(z)), 0 <z < 1, (1.1)
subject to the boundary conditions

“Dgu(0) = Dyu(0) =0, 12
u(1) = cu(A), “Dygu(1) = d°Dgu(C), '
where 0<¢<1,1<a,8<2,0<y<a,0< ) (<1,and ¢,d>0. Dg is the Riemann—Liouville fractional

derivative, ‘D¢ and “DJ are the Caputo fractional derivative. 9., = ¢, 1, 4, is the p-Laplacian operator,

bp(t) = [tP~2t, p>1, S+ =1and g€ O([0,1] x R x R,R*).

1
m
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The innovation of this paper are as follows:

(i) Compared with [25], we generalize the nonlinear term of the g-difference equation to the case with
higher derivative which makes the boundary value problem we study more widely applicable. Especially, when
p=2, a=3=v=2and ¢ =d =0, the boundary value problem (1.1)—(1.2) models the deformations of an
elastic beam whose two ends are simply supported in equilibrium state, and the CD,},{Vu(x) in function g is the
bending moment term which represents bending effect.

(#3) Although the solvability of multipoint boundary value problems for fractional ¢-difference equation
has been investigated by some authors, to the best of our knowledge, there are no papers that consider the
multiple positive solutions for four-point boundary value problem of fractional ¢-difference equation with p-
Laplacian operator. Inspired by works mentioned above, we aim to fill the gap. Adding the p-Laplacian
operator makes this paper posses wider range of potential applications, for instance, compared with the image
inpainting method based on total variation model, the image inpainting method based on p-Laplacian operator
can effectively improve the image inpainting quality and significantly reduce the operation time. By using
the technique of Avery and Peterson and the method of lower and upper solutions, we deduce some sufficient
conditions for the existence of multiple positive solutions.

The plan of this paper is as follows. In Section 2, we present necessary definitions, properties and lemmas.
In Section 3, we apply the Avery—Peterson theorem to establish the existence criteria of at least triple positive
solutions for (1.1)—(1.2) and give rigorous proof. In Section 4, we obtain some new sufficient conditions for the
existence of solutions by the method of lower and upper solutions. At the end of this paper, we present two

examples to illustrate the effectiveness of the main results.

2. Preliminaries

In this section, we present basic definitions, notations, and lemmas that will be used in this paper. Let 0 < g < 1.
Define

[a], = ——, a€R, [n],!=[n]yn—1];---[1], neN. (2.1)

Let a,b € R. Define the g-analogue of the power function (a — b)f]")

1, n =0,

(a—b)W = {n-t
! H(ak—bqk), n €Nt

k=0

If a € R, the general form is given by

(a—b) :=a H[ o= by | a0

a — bqa+z

Note that when b =0, (a,),ff*) =a®. For 0 < ¢ <1, the g-gamma function is defined by

(1-qy Y
Ty(z)=4 (1—g) "’
[z —1]4!, z €N,

zeR\{0,-1,-2,---},
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and satisfies I'y(x + 1) = [z],I'¢(z). The g-derivative of the function f is defined as

_ f) = flat) o
Dy f(t) == =T t#0, (Dqf)(0) = }%(qu)(t%
provided that f is differentiable at 0. And the n order g-derivative Dy f(t) is defined by
f(t)7 n =0,
Dy f(t) = {
q n—
DDy~ f(t),n € N*.
The following formulas will be used later, namely
(aft — ) = a*(t - 5){, (2.2)
Dy (t — S)z(]a) = [a]q(t - 8)((104—1)7 (2.3)
sDy(t = 5)§) = —[alg(t —g5)57Y, (2.4)

where D, or ;D, denotes the derivative with respect to the variable ¢ or s respectively.

Definition 2.1 [2/] Let 0 < ¢ < 1, f be an arbitrary function. The q-integral of the function f is defined as
| 10dt == 0xY a0, (25)
0 k=0

provided that the series of right side in (2.5) converges. In this case, f is called q-integrable on [0,x]. Denote

Liw = [ 1wz
And the q-integral of n order is defied by
I f(x) = f(x) and I3 f(x) = I,(I; 7" f)(x).

Definition 2.2 [2/] Let 0 < g < 1, f be an arbitrary function, a and b be two real numbers. Then we define

/ab f(t)dgt = /Obf(t)dqt - /Oa F(t)dgt.

Definition 2.3 [2/] Let o >0, 0 < g < 1. The fractional q-integral is defined by

19f(t) = Fta) / (t— q9) D) (s)dys.

Definition 2.4 [22] The Riemann—Liouville fractional derivative of order o > 0 of a function f : [0,4+00) — R
s given by
(Dg f)(x) = (D1~ f)(x),

and (D f)(z) = f(x), where N is the smallest integer greater than or equal to .
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Definition 2.5 [22] The fractional q-derivative of the Caputo type of order o > 0 is defined by
(°Dg f)(x) = (I~ Dy f)(x),
and (“Df)(x) = f(x), where N—1<a <N, NeN.

Lemma 2.6 [24] For a, § > 0, and 0 < q¢ < 1, g-integral and q-difference operators have the following

properties:

(a) II] f(2)] = (I3 f(2)] = Ig 0 f (=),

(0) Dylyf(x) = f(x), and 1,Dyf(z) = f(x) — f(0).
() DI f(x) = f(x).

Lemma 2.7 [22] Let 0<g<1, a € (N—-1,N], NeN. Then
D212 (1) = (1), (2.6

and

ISDSf(t) = f(t) + Crt ™+ Cat® 2 + -+ 4 Oyt Y, (2.7)

for some C; € R, i=1,2,...,N.
Lemma 2.8 [22] Let « € (N —1,N], N €N, and 0 < g < 1. Then the following is valid
‘DI f(t) = f(t), (2.8)

and
19D f(t) = f(t) + CrtN 7+ CatV 2+ 4+ Cly, (2.9)

for some C; € R, i=1,2,... N.
Lemma 2.9 Assume 1 < a <2. Then Df;xo‘*l =0, for z € R.

Proof By virtue of Definitions 2.1, 2.3 and 2.4, we have

o a—1 212—a a—1
Djx =Dyl

1 xr
- D2 _ (1—a)a—1
dFreem T A

1 > (1 @) ; pya—1
=g Di (-2 " (1" q
=] (VD SR A ()
=0.
This completes the proof.

Lemma 2.10 [/] Let g € C;[0,a], a > 0, where g € C,[0,a] is equivalent that there exists a constant v < 1
such that Vg € C[0,a]. Then

(1) Igg € Cy[0,q].

(2) If we additionally assume that v < «, then I7'g € C0,a].
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Definition 2.11 [}/ Let 0 < q < 1 and n € NT. We define the space Ci[0,a] to be the space of all continues

functions with continuous q-derivatives up to order n — 1 on the interval [0,a].

Lemma 2.12 [4] Let o > 0, n = [a]. If there exists v < o —n + 1, such that f € C.[0,a], a > 0, then
Iof € Crlo,a).

3. The solvability based on Avery—Peterson theorem

In this section, we shall establish an existence criterion of at least triple positive solutions to the problem

(1.1)=(1.2) by the Avery—Peterson theorem. In order to prove our main results, we need the following lemmas.

Lemma 3.1 Let 0 < ¢ < 1, 1 < a <2, d ¢t <1 and h € C([0,1],[0,+<)). Then a function

u(x) € C2[0,1] is a solution of the following boundary value problem

DZ (4, (°Dou(z))) = h(z), 0 <z <1,
“D2u(0) = Dyu(0) =0, (3.1)
u(1) = cu()), “Dgu(l) = d°Dju(C),

when and only when u(x) satisfies the integral equation

%.[) /OI(J: — qs)ga_l)k(s)dqs7 (3.2)

u(z) = a1 — I

where
Y1 = gs) P Vk(s)ds — ¢ [ (A — sﬁ,‘*’l) 5)dgs
B Y Zf_@rff(g )" Vk()dys 53
k(z) = ¥ [ (rql(m /Oz(z —qt)PVnh(t)dgt + blxﬁl)] , (3.4)
and
oy = P (€= at)” Ph(0)dgt = Jy (1= at)i” Ph(t)dgt

(1 —dr=1¢P=1)0g(B)

Proof Assume u(zx) is a solution of (3.1). Applying the operator Iqﬂ on both sides of (3.1), by Lemma 2.7 and
Definition 2.3, for z € [0, 1], we have

Up(CDEu(@)) = bia? ! + bprf 2 4

. ’ z — gt)B=1)
Ly(B) /o ( qt)q h(t)d,t.

According to “Dgu(0) =0, we have by = 0. By “Dgu(1) = d°Dgu((), it is easy to see

y _ PTIC—at) hdgt — [y (0= at)Vh(t)dyt
L= (1- dpflcﬁil)rq(ﬁ) 7
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that is,

z/Jp(cDg‘u(x)) =b? 1+

L[ a1
e /0 (2 — )P~ Oh(t)d,t. (3.6)

By the above formula, we give the following definition

“Dju(r) = P, <b1z61 + /Oz(z - qt)éﬁl)h(t)dqt> = —k(z). (3.7)

1
Iy(8)
Taking operator I¢* on both sides of (3.7), from Lemma 2.8, we have

1 T
T () / (x — qs)ff‘_l)k(s)dqs + a1 + agz. (3.8)
0

u(z) = —I7k(r) + a1 + agz = T
q

Differentiating both sides of (3.8), one has

1

Pale) =1 =) /< — 45){* P k(s)dgs + as.

By the boundary condition D,u(0) = 0, we can get as = 0. It follows from (3.8) and the boundary condition
u(1) = cu(A) that

o S (1= g9) Vk(s)dgs — ¢ [N = g8)* Vk(s)dys
' (1 —c)rq<a>
Hence
Y1 = gs) @V c —qs) 71) s)dys z
) = — (1 — c)l“qf(()a) : ek _ tha) /o (& — 4s){* Vk(s)dys. (3.9)

On the other hand, if u(x) is a solution of (3.2)(i.e.(3.9)), then we have
u(z) = —I7k(z) + a1

(3.10)
= I8 b12” !t + IPh(2)] + a1

From the continuity of function i and Lemma 2.10, we have b, [b12?~! + IPh(z)] € C[0,1]. Then by Lemma
2.12, Ig‘dzm[blxﬂ*l + Ifh(z)] € C2[0,1]. Hence u(x) € CZ[0,1]. Taking operator “D on both sides of (3.10),
by Lemma 2.8, we can obtain

“Dyu(z) = tm [blxﬁ*1 + Igh(aj)],
ie.,

Up(“DSu(x)) = b1z’ + IPh(a).

Then taking operator Dqﬁ on both sides of the above equality, by Lemmas 2.7 and 2.9, one has

D (1 (*Dyu(w)) = ().

In addition, we can easily prove that u(x) satisfies the boundary value conditions in (3.1). This completes the

proof.
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Lemma 3.2 I[f 1 <a <2, dP"'¢P~1 <1, h e C([0,1],]0,+00)) and the function h(z) is defined by

e k()
i ) e Ok (3.11)

where a1 and k(s) are given by (3.3) and (3.4), then h(zx) > 0.

hz)=a1 —

Proof Since

k(s) = (—b135‘1 - /Os(s _ qt)gﬁ—1>h(t)dqt>

ry(8)
. —dr 1571 R (¢ = gt) V) dgt + 55 [T (= qt) VR dgt [ (s — gt V() dgt
" (1= a1 1T (8) rqw)
(LA gt | T fy PN = at) Ph(t)dyt
" r,(8) (1—dr1¢7 1T (B)
L [E(C—at) TRt [ (s — at)§ TV h(t)dyt
I I ) rqw)
L [T I T ket = G ot h0dt] - Onedy
(1 —ar=1¢h= 1) q(ﬁ) L'q(8)
Ja "7 1= at) Vh(t)d,t
= ( r,(3) >0,

(3.12)

it follows from (3.12) that

N fO (a Dks S*Cfo — gs)$ (oc Dk( )dgs - 1 wxi D1 s
e = (1~ oLy (a) o J, (ke
_ o0 =090 k(s)dys — [ (@ — g)s™ Vk(s)dys
Ly(a)
¢ (Jy (=) Vk(s)dgs — J = a9) " h(s)dys)
<1—c>rq<a>
> 0.

Therefore, h(x) is nonnegative. The proof is completed.

Lemma 3.3 Suppose that h € C([0,1],[0,4+00)) and h(x) is defined by (3.11). Then there exists a constant p
such that
h < ‘Djh
xrg[gﬁ]I ()] pxrgg)i]I (@)l

Proof Case 1: v < a. From (3.11), Definition 2.3, Property 2.6 and Lemma 2.8, one has

c c « a— 1 ’ a—~—
D)h(z) = —“DJISk(x) = —1 "k(z) = — )/ (z — gs8)l 7 Vk(s)dys

Lola =) Jo
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Hence

1
*D)h(z)| > |°DYh(1)] = ——— 1—gqs) @ 7 Vk(s)d,s. 1
2 PR 2 DA = ek (.13

By the definition of k and (3.13), one has
max [h(z)] € ————— /1(1 —4s)§* Vk(s)dys
=€[0.1] ~ (L=l(@) Jo !

Lg(a—1) 1 N1 a6) @D k(61 s
=1 ol () rq<a—v>/o (1= gs)g™ Th{s)dy

< DY
p Dnax, \ (),

where p = ugir’(%)

Case 2: v = «. By the definition of &, Lemmas 2.8 and 3.2, we have
|°DYh(z)| = |-“DJISk(z)| = k(x).
Therefore,

max ; ' —35) 2 VE($)d s
z€0, 1]|h( z)| < (1C)Fq(a)/0 (1—gs)q k(s)dq

maxzeo,1) |“Dg h()|
= (1—c)Ty() 0
1
= B T 2 D)

< DY
p moax, Dy h(z)|.

(1- qs)éo‘fl)dqs

The proof is completed.

Lemma 3.4 [5](Avery—Peterson theorem) Let P be a cone of a real Banach space B, u, v be nonnegative
continuous convex functionals on P, w be a nonnegative continuous concave functional on P, and w be a

nonnegative continuous functional on P. For l,ny,no, v > 0, define the following sets:

P(p,r) ={z € Plu(z) <r},
P(,u,w,nl,r) = {ZE € P|W(£L') Z nlaﬂ(x) < T}a

Pj1, v,w,m,m5,7) = {2 € Plu(z) > ny,v(e) < ng, plz) < 1},

and
QUi ,1,7) = {x € Ple() = I, u(x) < r}.

Suppose that the functionals p, v, w,w satisfy w(ex) <ew(z), 0 <e <1, such that for some R, r >0,
w(z) <w(x), [|z|| < Ru(z),
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for all x € P(p,r). Assume also that T : P(u,7) — P(p,7) is completely continuous and there exist
[, n1, ng >0 with | <m such that

(S1) {x € P(p,v,w,nq1,no,r)|w(x) >n1} #0 and w(Tx) > ny for x € P(u,v,w,ny,na,r);
(S2) w(Tx) > ny for x € P(p,w,nq,7) and v(Tx) > ng;
(S3) 0¢ Q(u,w,l,r) and w(Tx) <1 for x € Q(u,w,l,r) with w(z) =1.

Then T has at least three fized points x1, T2, x3 € P(u,r) such that

/'L('Tz) < T, i= 172737
m < w(zy);

I <w(x2), wrs) < ni;

and

Next, we shall consider the existence of multiple positive solutions for the problem (1.1)—(1.2). For
convenience, some denotations and hypotheses are presented as follows:

(1-of —a-nP]""
L,G+1) |

M =

Ny = Tyla =7+ (1= ¢, (8+ D)™

N, — [ﬂm+2]qu(a) .
27 mi2(] — (1 — @D
c 1-MN1-¢¢ "M

Ns=(1-e)ly(a+1)[(1 - Pt T, +1)]" ",
and
(C1) gz,y,2) < (PN (2,9, 2) € [0,1] x [0, pr] x [=r,7];
(C2) g(z,y,2) > (mN2)P ™1, (2,9, 2) € [0,1] x [n1,m2] X [=r,7];

(03) g(x,y,z) < (lN3)p_1a (x7yvz) € [071] X [Ovl] X [—’I“, ’I“].

Let the Banach space B = {u|u € C[0,1],° DJu(z) € C[0,1]} with the norm

= ) ‘DY )
ol = o { e oo, mas. Dju(o) |
and define the cone P by

P= {u € Blu(r) >0, max |u(x)| < p max [*DJu(z)|, = € [0, 1]}7

z€(0,1] z€[0,1]

_ _Tqela—y)
where P = m
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Theorem 3.5 Let g € C([0,1] x [0,+00) x R, [0,+00)) and the operator T : P — B be defined as

u:L':a—L $xf5(04*1) s)d..s
Tu(x) 1 Fq(a)/o( qs)* " Vk(s)dys,
where
v — fol(l - qs),(lo‘_l)k(s)ds - cfo/\()\ - qs)ga_l)k(s)dqs
1 (1= Ty(a) ’
k(s) = ¥m {— (Fql(ﬁ) /OS(S — )PV g(t, ult),c DYu(t))dyt + blsﬁl)] :
and

A (¢ — ) gt u(t),f DYut))dyt — [, (1 qt)y Vgt  u(t),c DYult))dyt
B (1 —dr=1(P=1)Ty(B) ’

where dP~'¢P~1 < 1. Then T : P — P and is completely continuous.

by

Proof Obviously, in view of Lemmas 3.2 and 3.3, we obtain Twu > 0 and m[ax] |Tu(z)| < p m[ax] |°DyTu(x)|
z€[0,1 xz€(0,1

for all uw € P. Hence T(P) C P.
Now assume () is a bounded subset in P, which is to say that there exists a positive constant 1 such
that ||u|] < for all u € Q. Let

L= sup |g(tvu(t)aCD’qyu(t))"
te(0,1],ueq

Then for all u € 2, by the definition of k(s), we have

Jo o771 (L= at) Vgl u(t), “Dyu(t) dt
K(s) < ( A,

" LsP—1 fol(l — qt)gﬁ_l)dqt
"\ (=P tar 0 (B)

IN

IN

L
o ((1 — (PP (B + 1))
Lm—l
(L=, (B D"

Hence
1 xr
|Tu(z)| = a1 — Fq(a)/o (x — q.S)((Iail)k(s)dqs

Jo (1 —q8) Vk(s)dys
=T 1o

- Lt o (= qs)g" Vg

= T T, @1 - CP1d-1L, (5 + D!
Lm,—l

= A=l (a+ DL P 1drO,(3 + D)1
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and
1

IM/O (x — qs)éo‘fvfl)k(s)dqs
Lm-t fol(l —gs)b Vs
T Tyla—=y)[(1 = ¢ tdr=1)Dg(B + 1)1
Lm—l
Fgla—y+[(L = ¢ tdr1)Ty(B + 1)1

D} Tu(x)| =

IN

Hence, T(Q) is uniformly bounded.
On the other hand, taking any z1, 22 € [0,1] with z1 < x4, for all u € Q, we have

1 T2 1
|Tu(z1) — Tu(z2)| = / (xg — QS)gafl)k(s)qu — / (z1 — qs)gafl)k(s)dqs
Lq(a) [Jo 0
1 1 T2
< / [(:Eg — qs)ga_l) — (21 — qs)((]a_l)} k(s)dgs +/ (2 — qs)fz"_l)k(s)dqs
FQ(Q) 0 x1
L | (a1) (a-1) "
< [(xg —qs) T — (21 —gq8) } k(s)dys —|—/ k(s)d,s
i L [ LR AL
m—1| 1 (a—1) (a—1)
L | fy [ = a9 = (1= a9)7 0] dys + (02 — )
<
B Ly(a)[(1 = ¢F=tdr= )0y (B + 1))~ ’
(3.14)
Since the function (sc—qs)éa*l) is continuous with respect to « and s on [0, 1] x [0, 1], it is uniformly continuous
on [0,1] x [0,1]. Hence for any s € [0,1], as x1 — x2, we can get
(xg — qs)ff‘fl) — (29 — qs)((lo‘fl) =0.
It follows that as x7 — 2, the right-hand side of the above inequality (3.14) tends to zero. And
C Cc 1 i ox—7y— . o—y—
| DgTU(zl) — DgT’U,(.'L'QN = m /O (ZCQ — qs)((l Yy 1)]{;(3)qu 7/0 (I’l — qS)E] Y l)k(,S)qu
< _ /I1 |:(Z'2 —gs)l o™ (g — qs)("‘*”’*l)} k(s)dgs
~ Tyla=7) 1o ! ! !
(3.15)

z2
+/ (x2 — qs)gc‘ﬂ_l)k(s)dqs

1

3 L™ o
= T,la— A= @ L@+

Similarly, we can get that the right-hand side of the above inequality (3.15) tends to zero with 1 — x5.
Therefore, T(f2) is equicontinuous on [0,1]. We conclude that T : P — P is relatively compact on basis

of Arzela—Ascoli theorem, which completes the proof.

Theorem 3.6 Assume g € C([0,1] x [0,+00) x R,[0,+00)), dP~1¢P~L <1, 0 < c < XA <1 and there exist

ni

constants 0 < I < ny < ny <7 such that 7% < na. Under the assumptions of (C1) ~ (C3), the problem

(1.1)=(1.2) has at least three positive solutions.
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Proof By Theorem 3.5 and Lemma 3.1, we know that T : P — P is completely continuous and problem

(1.1)—(1.2) has a solution u = u(x) if and only if u satisfies the operator equation v = Tu.

Now Let

= mi = Dy = = .
w(u) o lu(@)], p(u) Jél[%,’i]‘ qu(@)], v(u) = @(u) e |u(z)|

Evidently, w(u) < w(u). By Lemma 3.3, we have ||u|| < Ru(u), R = max{p,1}.

For u € P(u,r), by (C1), one has

Jo s —qt) Vg, ult),© DYu(t))dyt
(1—¢A~tdr=1)Ty(B)

(rN)P L [ (1= qt) Vgt
< ¢m ( (1 _ Cﬁofldpfl)].—‘q(ﬁ)

< ’l”N1
A= @+

o

then

Tu) = DT
p(T'u) Jéﬁ%ﬁ]‘ g Tu(z)|

1 x
= - - — 05) @D E(8)d
2el0.1] Fq(a’Y)/O (e~ as); (5)das
Jo (1= q9)§* 7 Vhk(s)dys
- Fq(a -7)

7Ny fol(l — qs)((lafvfl)dqs
~ Tyla—)[(1 = ¢A-tdr=1)Dy (B + 1)Jm—1
_ TNl -

Lgla—y+[(1 =Pt~ (B + 1)t

Hence T : P(u,7) — P(u,r).

Next, we prove that condition (S1) ~ (S3) in Lemma 3.4 are true for operator T'. Firstly, for constants

function u(z) = 1% € P(u,v,w,n1,n2,7). Since it is easy to see p(u) = 0 < r, v(u) = % < ng, and

w(u) = 5 > ny, {u € P(p,v,w,ny,na,1) cw(u) >n1} # 0.
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(
JEsPH L = gt) Vgt ult), cDYult))dgt
| ot
- JX P11 = gt) TV gt u(t), e DYult))dyt
T, (6)
(i No)P~1s7=1 [2(1 = qt) Vgt
7 m ( L, (3)
_ Sﬁmfﬁferl[(l . S)((]ﬁ) B (11 . A)gﬁ)}m71n1N2
T, (B+1)""
- s,@m—ﬁ—m+1[(1 _ C)l(lﬁ) _ Ell _ )\)((Zﬁ)]m—lnlNz
T8+ 1)™

1
> Mny NpsP™+t

then

w(Tu) = min [Tu(z)| = [Tu())

1 (a—1) {a=1)
R s

(1=c)Ty(a) Iy(a
= fol(l *‘JS)t(za_l)k (s) qS fo a l)k( )dys
0oy
y [(1—qs>é“*”—<A—qs>é“ ] kls)dys + 3 (1= as) Vk(s)dys
- 1= o)Ty()
A (a—1) (a—1)
L Jo (1= a9 <1—Azf< Ssq(z)ﬁ L—gs)g” "k(s)dgs (3.16)
o 0= as)i V(0= Wh(s)dys
(1= c)T4(a)
2 S (1= )™ V(L= W k(5)dgs
(1= c)Ty(a)
A= N)MmNo (% ity a1y
T woal AR
(1= N1 =&)Y Mny Nychm+2
> =ni.
- [Bm + Q]qrq(a)

Hence the condition (S7) is satisfied.
Secondly, if 4 € P(u,w,ny,r) and v(Tu) > ng, since

~ max Jo (L= 4)" Vk(s)dys
v(Tz) = max [Tu(@)] < 1—ol,(a)
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from (3.16), one has
w(Tu) = min |Tu(z)| = |Tu(N)]

z€[0,A]
2 Jo =gV = VR()dgs + [ (1= as)g™ Vk(s)dys
- (I =0)lg(a)
S (1-X) fol(l — qs)ff‘*l)k(s)dqs
B (1= )Ty(e)

> (1= XNv(Tu)
> (1 — )\)ng >na.
Hence the condition (Ss) is satisfied.

Finally, if u € Q(p, w,l,r) and w(u) =1, since for all s € [0, 1], by the definition of k(s) and assumption
(C5), we have

Jo s —qt) Vgt ult),” DYu(t))dyt
(1— ¢P1dr1)Ty(B)

sP1(IN3)P~1 fol(l —q9) Vs
BT

y IN;
- [(1 — Cl)—ldﬁ—l)rq(ﬁ + 1)]7n—1 '

k(s) < tm (

Then by the definition of operator T,

1 (a—1)
w(Tu) = max |Tu(x)| < Jo (L —as)gk(s)dqs

z€[0,1] - (1—-0)y(w)
< LN =1
(1 = )lg(a+ D1 = ¢P=LdP =)Dy (B + 1)m=t

Furthermore, 0 ¢ Q(u,w,l,r) obviously. So the condition (S3) also holds. According to the Avery—Peterson
theorem, the problem (1.1)—(1.2) has at least three positive solution. The proof is completed.

4. The method of lower and upper solutions

In this section, we shall give a new existence result of multiple positive solutions for (1.1)—(1.2), applying the
method of lower and upper solutions based on the monotone iterative technique. In order to prove our main

results, we need the following vital lemmas and definition.

Lemma 4.1 For any given function h € C[0,1] and a, b € R, u(x) € qu[(), 1] is a solution of the boundary
value problem

Dg(wp(CDf;u(a:))) =h(z), 0<z <1,
“Dyu(0) = Dyu(0) = 0, (4.1)
b

u(l) = a, “Dgu(l) =

)
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if and only if u(x) satisfies the following integral equation

where

and

u(z) =a— /01 G(z, qt)Ym <¢,,(b)t51 - /01 H(t, qs)h(s)dqs> dgt,

1 [a=g)le) = (@ —g)le, 0<gt<z<l,
G(z,qt) = (4.2)
Fal@) | (1 - gty 0<z<gt<l,
1 [P = (@ —a) Y, 0<gt<z<l,
H(z,qt) = == (4.3)
Lq(8) 2PN 1= gt) Y, 0<az<qt<l.

Proof Let v(z) := ¢, (°Dgu(x)). We can decompose (4.1) into the following coupled boundary value problem

and

{ng(x) = h(x), v € (0,1),
(4.4)
0(0) =0, v(1) = ¥p(b),
{CD?U(Z') = wm(v(x))v T e (Ov 1)7
(4.5)
D,u(0) =0, u(l) = a.

Taking operator If on both sides of (4.4), by Lemma 2.7, we have

v(z) = CrzP =t + CoaP 2 + Igh(x),

where C; € R, ¢ = 1,2. By boundary value condition v(0) = 0, one has Cy = 0. It follows from v(1) = 1, (b)
that C1 = ¥, (b) — Iqﬁh(l). Then (4.4) has a unique solution

T 1
v(z) = Fiﬁ) </ (x — qt){ "V h(t)d,t 7/ 2P (1 - qt)ff“h(t)d,,t) + P (b)a’
a 0 1 0 (4.6)
— oy (B)z 1 — / H(z, gt)h(t)d,t.
0
Similar to (4.6), the boundary value problem (4.5) has a unique solution, which is given by
1 xT _ 1 o
() = at = / (x — gt)t@ 1)¢m(v(t))dqt—/ (1 — ) Dy (w(8))dyt
FqOé) 0 0
1
=a— | G(z,qt)Ym(v(t))d,t (4.7)

0

—a- /0 Gl at)om (wp(b)tﬁl _ /0 1 H(t,qs)h(s)dqs) dt.
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On the other hand, assume u(x) satisfies (4.1) (i.e.(4.7)). From (4.7),

u(®@) = a + 1% (0()) / (1= gt)@ D (0(t) gt (48)

Obviously, v(t) is continuous on [0, 1] by the continuity of functions h(¢) and H(¢,¢s). Hence by Lemma 2.12,
we get [0, (v(z)) € C?[0,1], ie. u(x) € C?0,1]. Applying the operator D¢ on both sides of (4.8), by

Lemma 2.8 we can derive

“Deu(z) = *DE I (0(2)) = thm (1/)p(b)xﬁ_1 - /O H(x,qt)h(t)dqt> .

Uy (*Du(w)) = p(Ba ! — / H(w, gt)h(t)dt

1
= [wp(b) - /0 (1 qs)gﬁ—l)h(s)dqs] 2?71+ IPh(a).
Taking operator Dg on both sides of (4.9), by Lemmas 2.7 and 2.9, one has
D? (¢ (“Diu(x))) = DEICh(z) = h(a).

In addition, it is easy to prove that u(x) satisfies the boundary value conditions in (4.1) which completes

the proof.

Remark 4.2 Let g € C([0,1] x R x R, [0,+00)). From Lemma J.1, we conclude that if u(x) € C?[0,1] is a
solution of (1.1)=(1.2) if and only if u(x) satisfies the following integral equation

u(z) = cu(N) —/0 G(z, qt)thm <¢p(chgu(()t5_1 —/0 H(t,qs)g(s,u(s),cDgu(s))dqs)> dgt. (4.10)

Lemma 4.3 [/] Assume the functions G(x,qt) and H(x,qt) are defined by (4.2) and (4.3), respectively. Then
G(z,qt) and H(z,qt) satisfy the following conditions:

(1) G(x,qt) and H(x,qt) are continuous;

(2) G(z,qt) >0 and H(z,qt) >0 for all 0 < z,t < 1.

Definition 4.4 We say that a function u(z) is a solution of (1.1)—(1.2) if and only if u(z) € C[0,1] satisfies
the problem (1.1)—(1.2) almost everywhere on [0,1].

Definition 4.5 Assume u(x) € AC?[0,1]. We say that u(x) is a lower solution of (1.1)—(1.2), if u(z) satisfies
the following inequality
Dg(z/zp(cD;"u(x))) < g(w,u(x),“Dju(z)), ae. 0 <z <1,
“Dgu(0) = Dyu(0) =0, (4.11)
u(1) < cu(N), “Dgu(l) > d°Dyu(C).
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Assume u(z) € AC?[0,1]. We say that u(x) is an upper solution of (1.1)—(1.2), if u(z) satisfies the following

inequality

Dg(z/)p(cDg‘u(x))) > g(x,u(x), “Dju(z)), ae. 0 <z <1,
“Dgu(0) = Dgu(0) =0,
u(1) > cu(N), “Dgu(l) < d°Dju(C).

(4.12)

Define X = {u : u € C[0,1],°Dgu(x) € C[0,1], Du(0) = 0}, with the norm |[|u|| = nax |u( )|+

m[ax] |Dgu(x)|. Then (X,|-[|) is a Banach space. Define a normal cone P by
z€0,1

P={u:ue X,u(r)>0,°Dju(r) <0,z € [0,1]}.

We define u < v if and only if v —u € P, for u,v € X.

For our purpose, let us present the following assumption:

(H) g e C([Ov ” X [O7+OO) X (700,0]7 [07+OO))a and g(x,yl,zl) < g(way2722); for 0 § Y1 < Y2, 22 < 21 S 0,

for any z € [0, 1].

Theorem 4.6 Suppose the assumption (H) holds and (1.1)~(1.2) has a nonnegative lower solution uy € P

and a nonnegative upper solution vy € P such that ug = vo. Then (1.1)=(1.2) has the mazimal lower solution

u* and the minimal upper solution v* on [ug,vo] C P, both u* and v* are positive solutions of (1.1)—(1.2).

Furthermore
0 <wup(z) <u*(z) <v*(z) <wvo(z).

Proof In the following, our proof process will be divided into three steps.

Stepl. We will obtain the lower solution sequence {uj} and the upper solution sequence {vy}.

For uy € P, we consider the following boundary value problem
Df(wp(CDf;ul(x))) = g(x,uo(x), “DJug(r)), 0 <z <1,
“Dgus(0) = Dyu1 (0) = 0,
u1(1) = cuo(A), “Dgui(1) = d°Dguo(C).
By Lemma 4.1, (4.13) has an unique solution u;(z). Since ug is a lower solution of (4.1), we have
Dy (¢p(°Duo(2))) < g(x, uo(x), “Djuo(x)), 0 <z <1,
“Dguo(0) = Dyue(0) = 0,
up(1) < cu(N), “Dguo(1) > d°Dyug(C).
It follows from (4.13) minus (4.14) that
Dg (¢p(“Dgur (@) — ¥p(“Dguo())) 2 0, 0 <z <1,
CDgul (0) — CD:;'LL(](O) = unl(O) — DqU()(O) = 0,
ur(1) = up(1) > 0, “Dus(1) — “DZug(1) < 0.

(4.13)

(4.14)

(4.15)
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Now, let w(x) = ¥, (°Dgui(x)) — ¥p(“Dguo(x)). It is clear that w(0) = 0 by the boundary value
condition “Dgug(0) — “Dgug(0) = 0. And from “Dguy(1) — *Dgug(1) <0, we can get w(1) <0.
Next, let w(zx) := Dg (Vp(“Dur(x)) — 1hp(“Dgug(x))) and ,(b) = w(1). Then we can obtain the

following boundary value problem

By (4.4) and Lemma 4.3, one has

w(z) = thp(*Dur (x)) — (Do (x)) = iy (b) — / H(w, gt)h(t)dgt < 0.

Hence by the monotonicity of p-Laplacian operator ¢, , we have
“Dy (ur(w) — uo(w)) = “Dgug(z) — “Dgus(x) <0, z € [0,1]. (4.16)
Let §(z) := °Dg (u1(x) — uo(z)). Then we obtain the following boundary value problem
“Dy(ui(z) —uo(x)) =0(x) <0, 0 <z <1,
Dyu1(0) — Dgup(0) =0, u1(1) —ug(l) :=a > 0.

Similar to (4.5) and Lemma 4.3, we can get

1
ur(x) —up(x) =a— /0 G(z,qt)d(t)dst > 0.

Besides, from (4.16), we obtain

D (x) — o)) = Ig 7D (ur () — uo()) <0, x € [0,1].

To sum up, we can get that ug < uy.
From (4.13) and (H), we have
Dqﬁ(wp(cD;“ul(x))) = g(x,uo(x)fD;*uo(ac)) < g(x,ul(x),cDgul(x)), 0<x<1,
CDg‘ul(O) = unl (0) = 0,
u1(1) = cup(A) < cur(N), “Dgui(l) = d°Dguo(C) > d°Dgui(C).
It is obvious that u;(z) is a lower solution of (1.1)—(1.2) by the Definition 4.5.
Starting from the initial function ug(z), by the following iterative scheme
Dy ($p(“Dgu())) = g(x, up—1(x), “DJup—1(x)), 0 <z < 1,
“Dgug(0) = Dyug(0) =0, (4.17)
u1(1) = cup—1(N), “Dgug(1) = d°Dgur—1(¢),
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we obtain a sequence {uy}, k € N, where u = uy(x) are lower solutions of (1.1), and satisfy ug_; =< uy, that
is to say that {uy} is monotonically increasing.
Similar to the above inference procedure, starting from the given upper solution vy € P, by the following
iterative scheme
D (1 (D2 ui(2))) = g, vg1(2), “DYog_1(2)), 0 <& < 1,

cDg‘Uk(O) = quk(()) =0, (4.18)
v1(1) = cvp—1(A), “Dgvi(1) = d°Dgvr—1(C),
where k € N, we can obtain the sequence {v;} which are lower solutions of (1.1)—(1.2) and satisfy vi_1 = v,
namely, {vx} is monotonically decreasing.

Step2. We will prove that u; = v by mathematical induction. Suppose ug_1 = vg_1, kK € N. Then

ug—1(x) < vp_1(z) and “DJug_1(z) > *DJvg_1(x). Hence from (H), one has
g (x,uk,l(x),CDguk,l(x)) <g (x,vk,l(ac), cngk,l(x)) .
By (4.18) and (4.17), it yields that
Dy (¥p(“Dgvi(x)) = ¥p(*Dgur(2))) = g(x, ve-1(2), “Dyve-1(x)) — g(x, up-1(z), “Dug—1(z)) > 0,

cngk(O) — Canuk(O) = Dq’l)k(O) — unk(O) = 0,
v (1) — ugk(1) >0, CD(‘;vk(l) — CD?uk(l) <0.

Similar to (4.15), we can get uy < vg. Hence

wp Sy X Zup S S S < Sy <,

Since P is a normal cone on X, the {u;} and {vy} are uniformly bounded. And it is easy to see that
{ur} and {v} are equicontinuous by the continuity of functions H, G, ¢,, ¢ and g. Thus, the sequence

up} and {vg} are relatively compact. Then there exist ©* and v* such tha
d lativel t. Then th ist «* and v* h that

klgr;ouk =u", kli}rrgo Dguy, = “Dgu”, (4.19)
and
kli_)nolo v =0, klggo “Dyvg = “Dgv*. (4.20)

Further since “DYug(x) = I3~ 7Dgug(x) and “Djvi(z) = 137 7¢Dgvi(x) we have

klir& “Djur = “Dju* and klingo ‘D = “DJv", (4.21)

that is to say that u* is the maximum lower solution, v* is the minimum upper solution of (1.1)—(1.2) in
[uo,v9] C P satisfying u* < v*.

Step 3. We will prove that «* and v* are the solutions of (1.1).

It follows from (4.17) and Lemma 4.1 that

ug(x) = cup—1(A) — /0 G(z,qt)p, <¢p (dCDf;uk_l(C)) - /0 H(t,qs)g (x,uk_l(x), CD('}uk_l(a:)) dqs> dqt,
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Let k — +o0o. By (4.19), (4.21) and the continuity of ¢,, g, G, H, one has

u(x) = cup—1(A) — /0 G(z,qt)pq <¢p (chg‘u*(C)) A=t — /0 H(t,qs)g (z,u*(z), “Dju” (z)) dqs> dgt,

which implies that u* is a solution of (1.1)—(1.2).

In the same way, we can also prove that v* is a solution of (1.1)—(1.2). Besides,

0 < wug(z) <u'(z) <v*(z) < vo(x),

The proof is completed.

5. Examples

Example 5.1 For equation (1.1), let =3, a=8=3, y=3, A=2, (=1 c=3,d=1,p=m=2

and

L LI 0<r<1,0<y<1

20 100 =HE=¥=5
1

21 3200(y — 1) + — sin z, 0<r<1,1<y<?2,

20 100

9(z,y,2) = . . (5.1)

%+3200+20(y72)+msmz, 0<z<1,2<y<T,

L 13300 + — si 0<z<1y>T7

—_— — SIn .

20 100 "M ST=LY

By simple computation, we obtain p = % ~ 1.94544

-0 — -1
Ly(B+1)
Ny =T (a—v+1)[(1—¢P7tdP~HT,(B + 1)™ ! = 0.7710336,

, = [Bm + 2]qrq(a)
Pm+2(1 = N (1 — o) VM

M =

~ 0.10447,

~ 1294.25065,
Ny = (1—¢)ly(a+1)[1—¢P1aP~ (8 + 1)™ = 0.59449.

In addition, if we take | =1, n1 =2, no =7 and r = 5000, then g(x,y,z) satisfies the following conditions:

g(x,y,2) < (rNp)P~! = 3855.168, (z,v,2) € [0,1] x [0, pr] x [~5000, 5000],
g(x,y,2) > (N No)P~! = 2588.50130, (x,y,2) € [0,1] x [n1,ns] x [~5000,5000],

g(x,y,2) < (IN3)P~1 = 0.59449, (z,y,2) € [0,1] x [0,1] x [~5000, 5000].

Then all conditions of Theorem 3.6 are satisfied. Thus, the problem (1.1)~(1.2) has at least three fized point

ui(x), uz(x) and us(x).
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Example 5.2 Consider the following four-point boundary value problem of fractional q-difference equation with

p-Laplacian operator
3
(x,u(x),cD,fu(a:)) , 0<z <1,

i (1 (i) -
°Déu(0) = Dyu(0) = 0,

1 1 3 3 16
_ = - cP2 —_ 9c)2
u(l) = 5u<3>, DZu(l) =2 un<25>.

(5.2)

3
¢D¢u(x). Assume that g(x,y,z) =2 — e™¥ — e, which satisfies

3
Let ¢ = 1 and p = 2. Then ¢,(°Dg u(z))
the assumption (H). We can easily check that ug = ug(x) = 0 is a lower solution of (5.2). Let vg(x) = 1+ 3.

It is easy to see
1—¢3 7 7 21 21 21
Dy(1+a?%) = T-4°7 1% Dg(1+2%) = Dy(2%) = gﬂf,Dg(l +a%) = Dy(g2) =3,
then by the definitions of fractional g-integral and Caputo type ¢-derivative,
3 3
°D2vg(x) =°D2 (1 + %) = Iq0‘5D§(1 +2%)
1 ¥ 21
= — )70 gt
I,(0.5) /0 (@ —at)y g tdy
21 (1—gq) 15Oo 2k k+1y(—
_ == . 1— gkt (—=0.5)
ST, 05)" > k(1= g0,
3 PR 2 /.. 3 9 9 21
D} (1 (-Dhu®)) = DF (-Duo(e)) = D21, Doy (o) = 2

g(x,u(x),® DJu(z)). In addition, by simple calculation, we can get

Obviously, D,;% (wp (CDQ%’U()(.’E))) >

3 1 1 3 3 16
¢DZvp(0) = Dgvo(0) =0, vo(1) > zwl3) and *DZ vy (1) < 2°D¢g vy %)

*

Hence vg(z) is an upper solution of (5.2). According to Theorem 4.6, (5.2) has the maximal lower solution u

and the minimal upper solution v*. And both w* and v* are solutions of (5.2)
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