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Abstract: Let A be a positive bounded linear operator on a complex Hilbert space H and Ba(H) be the subspace of
all operators which admit A-adjoints operators. In this paper, we establish some inequalities involving the commutator
and the anticommutator of operators in semi-Hilbert spaces, i.e. spaces generated by positive semidefinite sesquilinear

forms. Mainly, among other inequalities, we prove that for 7,5 € B4(H) we have

wa(TS + ST) < 2v/2 min {fA(T, S), fa(S, T)},

where
==
, 2 N 20 ||,
Fa(X.Y) = [V L\ w3 (X) - 5 ~
This covers and improves the well-known inequalities of Fong and Holbrook. Here w4 (-) and ||-||a are the A-numerical

radius and the A-operator seminorm of semi-Hilbert space operators, respectively and X4 denotes a distinguished

A-adjoint operator of X .
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1. Introduction

Let (#,(-,-)) be a complex Hilbert space endowed with the norm |- ||. Let B(#) stand for the C*-algebra
of all bounded linear operators on H and I denote the identity operator on H. For every operator T € B(H)
its range is denoted by R(T), its null space by N (T'), and its adjoint by T™*. An operator T' € B(H) is called
positive if (T'z,z) > 0 for all € H, and we then write T' > 0. The square root of every positive operator T
is denoted by T"/2. If T > 0, then the absolute value of T is given by |T| := (T*T)'/2. If S is a given linear

subspace of H, then S stands for its closure in the norm topology of H. Moreover, the orthogonal projection
onto a closed linear subspace S of H is denoted by Ps. Throughout this article, we suppose that A € B(H) is

a positive operator, which induces the following semiinner product

(VYA T HXH—C, (z,y) — (z,y)a := (Az,y) = (Al/zx,Al/Qy),
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The seminorm induced by (-,-), is given by ||z|, = \/{z,z), for every z € H. Clearly ||z|, = 0 if and only
if z € N(A) which implies that |||/, is a norm on A if and only if A is an injective operator. Further, it
can be seen that the semi-Hilbert space (#,] - ||,) is complete if and only if R(A) is closed in #. In recent
years, many authors investigated several properties of bounded linear operators acting on (#, || - || 4) (see, e.g.,
[2-7, 9, 12] and their references). In this article we continue the line of research begun in [18-20]. Notice that
the inspiration for our investigation comes from the works of Kittaneh et al. [1, 22].

The semiinner product (-,-)4 induces an inner product on the quotient space H/AN(A) which is not
complete unless R(A) is closed subspace in H. However, a canonical construction due to L. de Branges and J.
Rovnyak in [13] (see also [15]) shows that the completion of H/N(A) is isometrically isomorphic to the Hilbert
space R(A'/?) with the inner product

<A1/2I7A1/2y>R(A1/2) = <PWI,PW>, Vas,y cH.

For the sequel, the Hilbert space (73(141/2)7 (-,->R(A1/2)) will be denoted by R(AY?2). For more details

concerning the Hilbert space R(A'/2), we refer the reader to [4] and the references therein.

For T € B(H), an operator S € B(H) is called an A-adjoint operator of T if for every z,y € H, we
have (Tz,y) , = (x,Sy) 4, that is, S is solution of the operator equation AX = T*A. This kind of equations
can be studied by using the next theorem due to Douglas (for its proof see [14]).

Theorem A If T,S € B(H), then the following statements are equivalent:
(i) R(S) CR(T).
(ii) TD =S for some D € B(H).

(iif) There exists A > 0 such that ||S*z| < A||T*z|| for all x € H.

If one of these conditions holds, then there exists a unique solution of the operator equation TX = S, denoted

by Q, such that R(Q) C R(T*). Such Q s called the reduced solution of TX = S.

If we denote by Ba(H) and B,i/2(H) the sets of all operators that admit A-adjoints and A'/2-adjoints,

respectively, then an application of Theorem A gives

Ba(H)={T € B(H); R(T*A) C R(A)},

and

Baiz(H) ={T €B(H); Ic>0; [[Tz| 4 < c|lz|l 4, Vo € H}.

Operators in B 41/2(H) are called A-bounded. Notice that B4(H) and B 41/2(H) are two subalgebras of B(H)
which are, in general, neither closed nor dense in B(H) (see [2]). Moreover, the following inclusions B4(H) C
B4i/2(H) € B(H) hold and are in general proper (see [16]). The seminorm of an operator T € B41/2(H) is
given by

[ T|
T4 = 4

= sup {||Tx||A; reMN, |z, = 1} < 400,
LER(A), ”zHA
z#0
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(see [16] and the references therein). It may happen that ||T'||, = +oo for some T € B(H) (see [16, Example
2]). It is not difficult to verify that, for T' € B 1/2(H), we have ||Tz|, < ||T|4]|x|/, for all € H. This
immediately yields that ||T'S|| 4 < |T|| 4|IS]| 4 for every T,S € B g1/2(H).

Recently, several extensions for the concept of the numerical radius of Hilbert space operators have been
investigated. One of these extensions is the notion A-numerical radius of an operator T' € B(#) which was
firstly introduced by Saddi in the study in [26] as

waT) = sup {[(Ta,2),]: @ €7, lally =1},

If A=1, we get the classical numerical radius which received considerable attention in the literature (e.g., see
[1, 11], and their references). It should be mentioned here that it may happen that w4(T) = +oo for some
T € B(H) (see [18]). However, wa(-) defines a seminorm on B 41/2(H) which is equivalent to the A-operator

seminorm || - || ,. More precisely, for every T € B 41/2(H), we have
STy < wa(T) < T (11)
For an account of the results related to the A-numerical radius of A-bounded operators, the reader is referred
to [5-10, 16, 17]. The A-Crawford number of an operator T is defined by
ca(T) = if {(Tz,z)4]; @ € H, ||z] , = 1}.
An operator T € B(H) is called A-selfadjoint if AT is selfadjoint. Further, an operator T' € B(H) is said

A-positive if AT is positive and we note T" >4 0. Trivially, an A-positive operator is always A-selfadjoint

since H is a complex Hilbert space. Moreover, it was shown in [16] that if T is A-self-adjoint, then
T[4 =wa(T). (1.2)

If T € B4(H), then the reduced solution to the operator equation AX = T*A is denoted by T4 . Notice
that T84 = ATT*A, where A' is the Moore-Penrose inverse of A, which is the unique linear mapping from

R(A) ® R(A)* into H satisfying the following Moore-Penrose equations:

We mention here that if T € Ba(H), then T#4 € Bo(H), (T%4)% = PryT Prray and ((TﬂA)ﬁA)ﬁA = Tha,
Moreover, if T,S € Ba(H), then T'S € B4(H) and (T'S)#4 = S#aT#4 . Notice that for T € B4(H), we have
T#AT >, 0 and TT*4 >4 0. Moreover, by using (1.2), we see that

2 2
||TuAT||A = ||TTnA||A = ||T||A = ||TuA||A~ (1-3)

For other results covering T4 | we invite the reader to consult (2, 3, 24].

Recently, several improvements of the inequalities in (1.1) have been given (see [8, 18]). For instance, it
has been shown in [19], that if T € Ba(H), then

1 1
ZITHT + T 4 < WA(T) < S|THT + TT 4. (1.4
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Recently, the present proved in [19] that for every T,.S € B4(H), we have

wa(TS + ST) < 2v/2min {||T||AwA(S), ||S||AwA(T)}.

(1.5)

Of course, if A =1, we get the well-known inequalities of Fong and Holbrook (see [21]). One main target of

this paper is to generalize (1.5). Also, a considerable refinement of (1.5) is established.

2. Results

In this section, we prove our results. In order to prove our first result in this section, we need the following

lemmas.

Lemma 2.1 ([19, Theorem 2.16.]) Let Ty, T, S1,S2 € B4o(H). Then

wa(T181 £ SoTy) < \/HTleA + T§AT2|\A\/HS§*‘51 + 52854 -

A0

Lemma 2.2 (/20]) Let T, S € B41/2(H) and A = (0 A

) . Then, the following assertions hold
i en|(§ §)] = maxfoaDins)}.
(i6) wa [(3 m — (T,

(i) H(g 2) A‘H@ g) ’

Our first result in this paper reads as follows.

= max {| T 1, 1Sl 4} -

Theorem 2.3 Let T1,75,5 € Bo(H). Then
wa(TLS + STy) < dwp KO Tl)] wa(S).
T 0

Proof By letting S; =55 =5 in Lemma 2.1 we obtain

wa(TiS £ STy) < \/| VT + T T /][ $745 + 553 ).

Moreover, by using the first inequality in (1.4) we get

wa(TyS + STy) < 2\/||T1TfA + T3 T ||, wal(S).

0 Ty

Let T = (T2 0

) . It can be observed that

T\TH + TiAT, 0 )

T T + TT* =
* < 0 TIATY + Ty TE
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This implies, by Lemma 2.2(iii), that

HT“T + TTMHA = max{HTlTlﬁA + TgATQ‘

ol nrit )

Therefore, by taking into consideration (2.1) we see that

wA(T1S £ STy) < 2/ | T TH* + TH ||, wa(S)

< 24/||T#T + TT# ||, wa(S)

< 4w (T)wal(S),

where the last inequality follows from the first inequality in (1.4). Hence the proof is complete. O

The following corollary is an immediate consequence of Theorem 2.3 and provides an upper bound for
the A-numerical radius of the commutator T'S — ST when T and S are in B4(H).

Corollary 2.4 Let T,S € Bo(H). Then
wa(TS £ ST) < dwa(T)wa(S). (2.2)
Moreover, if TS = ST, then
wa(TS) <2waA(T)wal(S). (2.3)

Proof By letting T4 = T» = T in Theorem 2.3 and then using Lemma 2.2(i) we reach (2.2). Further, (2.3)

follows immediately from (2.2). O

Now, we aim to prove a generalization of (1.5). In order to achieve this goal, we need to establish the

following result.
Proposition 2.5 Let T,S € Bo(H). Then,
|TT# + $*4S 4 < max {[|T)|%, [|S]1%} + ST a- (2.4)

To prove (2.4), we shall require the following lemma.

Lemma B ([, 24]) Let T € B(H). Then T € B 41,2(H) if and only if there exists a unique T € B(R(AY/2))
such that Z,T = TZA. Here, Z, : H — R(A1/2) s defined by Zax = Ax. Moreover, we have

(1) T4 = Tllsmcar2) -

(ii) Tis = (T)*.
Now, we are ready to prove Proposition 2.5.
Proof of Proposition 2.5 Since, T,S € Byi/2(H), then by Lemma B there exists two unique operators

T,S € B(R(A'Y?)) such that Z,T = TZ4 and ZaS = SZ4. Moreover, clearly T 4+ S and T'S are in
B 41/2(H). An application of [15, Lemma 2.1.] gives

TS=TS and T+S=T+8S. (2.5)
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Now, by using Lemma B together with (2.5), it can be seen that
S48 + TT# |4 = 5845 + TT# [l avse
= I(8)°5 + T(T)" lamqarray- (2:6)
Moreover, by using basic properties of the spectral radius of Hilbert space operators, we see that

18)S + T(D) laiaray = ()5 + (D))

:T:((ﬁ)SJ(;T(T)* 8)]
. :<|§| |<T;>*|) (,('f)'* 8)]
_, _<|<7€>|*| 0) <|§| @)

Hence, we get

1(8)*S + T(T)* lemarrzyy =7

Thus, by using [23, Theorem 1.1.] we obtain

1(S)*S + T(T)* le®arr2)) <

1(5)*Sllemearzy ST lareare)
)15 lararezy 1T [smearey

:

ST emearsy = TS lz@arzy) = 15T lsgar2)-

HS”]QB(R(AUQ)) _ 0
0 ||T||I%B(R(A1/2))

= max {151 vz T miaray | + 15T lacar oy,

||SHB (R(A1/2)) ”STH]BS(R(AU?))
||STHIB R(A1/2)) HTH]%(R(AU?))

where the last equality follows since

Therefore, we infer that

15)*S + T(T)* s (riar/a)) < +

0 IST g (r(a1/2))
IST |5er(a1/2)) 0

where the last equality follows from Lemma 2.2(iii) by letting A = I'. Thus, by taking into account (2.6) and
then applying Lemma B(i) we get

|ITT* + 5#4S||4 < max {||T|%, 1S5} + 15Tl

This achieves the proof. O

Now, we are in a position to prove the following theorem which generalizes (1.5).
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Theorem 2.6 Let 7,5, X, Y € B4(H) and A = (161 21) . Then

0 X 1
wA(TX £Y8) < 2 /max ([T, IS5} + |ST||A\/w,§ (v 3)]- a0

< 2VEmax{Tha Iladen | (3 3 )] (2.7

Proof Notice first that, it was shown in [19, Theorem 2.8.] that

0 X 1
WA[<Y 0)} Z5\/HXﬁAX—|—YYﬁAHA+2cA(YX). (2.8)

Now, by applying Lemma 2.1 together with (2.4) we obtain

wa(TX £Y8) < \[|TToa + 535 /|| X34 X + ¥4 ||

< \fmax {ITIA ISIE} + ST ]ay/[ X34 X + VY],

0 X 1
<2\ fmax (TR I} + ||ST||A%0§ (v 3)]- 5o,

where the last inequality follows from (2.8). On the other hand, we see that

ISTlla < I TlallSlla < 5 (1715 + 1S1Z) < max {ITI%, IS}

N —

This immediately proves (2.7). O

Remark 2.7 By replacing S by T and X,Y by S in (2.7) and then using Lemma 2.2(ii) we get
wa(TS + ST) < 2v2||T|| ,wa(S).

Thus, by changing the roles bet ween T and S in the last inequality we reach (1.5).

For the rest of this paper, for any arbitrary operator T € B4 (H), we write

T +Th
2

T —Tha

RA(T) : 5

and S4(T) :
Our next aim is to improve the inequality (1.5). To do this, we need the following lemma.

Lemma 2.8 Let T € Ba(H) be such that wa(T) < 1. Then, for every x € H with ||z||a =1 we have

T + |1 T2 < 4 (2.9)

(1 IR - ||%A<T>||%\) |
2

In order to prove Lemma 2.8, we first prove the following result.
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Lemma C Let T,S € B4(H). Then,

IT*AT + TT# |4 < dmax {|Ra (D)%, 1Sa(D)IA} = 2[IRa(TD)I% — 1S4 (D)IIE]-

Proof Notice first that it was shown in [25, Lemma 2.18] that

X+ V)5 - X - V3]

54X + VA4 < max {IX + VI3, X - VIA} - _

(2.10)

for every X,Y € B4(H). By replacing X and Y by (T%4)84 and T# in (2.10) respectively we get

(T2 + T)f4 13 — (752 — T)F |13

(T4 4+ 750 |4 < ma {|(T5 + T)P [, (75 = T) 3} -

2
[T + T — T4 — T2
= s {754 + T 754 T - A2 4
= dmax {[|Ra (D)%, 1Sa(D)IE} — 2| IRa(D)% — [Sa(DA]-
This shows the desired result since ||S||a = [|S*4||4 for all S € B4(H). O

Now, we are ready to prove Lemma 2.8.
Proof of Lemma 2.8 Let x € H be such that ||z||4 = 1. By using the Cauchy-Schwarz inequality we see
that

|T|% + 1T 2% = (THT + TT)z, 2) 4
Swa (TWT +TTH).
Further, since T#*AT 4+ TT% >4 0, then (1.2) gives

| Tal% + | T*2|% < (1T*T + TT% |4 (2.11)

On the other hand, since $4(7T") and I4(T) are A-selfadjoint operators, then by (1.2) we have
wa(Ra(T)) = [Ra(Dlla and wa(3a(1)) = |34(7)
Therefore, by applying (2.11) together with Lemma C, one observes that
| Tl% + |1 T 2|% < dmax {[Ra(D)IZ, [Sa(D)IE} = 2 IRA(DIE — 1S4 (D)]A]
— dmax {w (Ra(T) ), w4 (Sa(D)) } = 2| IRA(D)E = [194(T)A]
On the other hand, it is not difficult to verify that
wa <§RA(T)) <wa(T) and wa (%A(T)> < wa(T).

This implies that

| Ta|% + 1T )% < 43 (T) — 2| [[Ra(T) % — 1S4 (D)II]

4 (1 . |||%A<T>||?4 - ||%A<T>|a!> |

2
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where the last inequality follows since wa(T) < 1. O

Now, we are in a position to prove the following theorem.

Theorem 2.9 Let T,5, X, Y € B5(H). Then

_ HRADIE ~ ISaDIA]L

wa(TXS £ SYT) < 2v2(|S||a max {|| X 4, [V || a} /w5 (T) 3

(2.12)

Proof Assume first that ws(T) < 1, || X]ja <1 and ||[Y]|a < 1. Let = € H be such that ||z||4 = 1. By
applying the Cauchy-Schwarz inequality we see that

W(TX £YT)x,2) 4| < [(Xa, T z)a| + (T, Yiaz) 4|
<Xzl al T )4 + | Ta|alYF4 ]| 4
<X allT* 2]l 4 + | Tz || allY* )| 4
< T 2)a + T2 a

< V(T2 + |1 Tellh)* -

Therefore, by Lemma 2.8 we get

HIRA)IA = ISa(D)I]
5 :

(TX +YT)z,2)al < m\/l .

Thus, by taking the supremum over all © € H with ||z]|4 =1 in the above inequality we get

wA(TX £YT) < 2\/5\/1 _ HIRAD)I% - ISa(DIA| (2.13)

Now, let T, X,Y € Ba(#H) be any operators. If max {||X||4,[|Y|la} =0 or wa(T) = 0, then obviously
the desired result holds. Assume that wa(7T") # 0 and max {|| X 4,||Y]|a} # 0. By replacing 7', X and Y by

T X Yy . .
A XA YTaT and e TX AT TaT respectively in (2.13) we see that

T 2 x T 2
I Gl (),
B 2

wA(TX £YT) < 2V2max {|| X |, [|Y]la}wa(T)

. 1% (7)1 = 54 (DI

= 2v2max {| X |4, |V [la} \| &3 (T 5

(2.14)

By replacing X and Y by XS and SY respectively in the inequality (2.14), we obtain

_ HIRAT) 15 = 194 (T) |13
2

_ HIRAT) 15 = 1194 (T) 13
5 :

wa(TXS + SYT) < 2v2max {| X8|, |SY || a} {/w?(T)

< 2v2| Sl a max {|| X[ a, [V ]| a} /w3 (T)
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This proves the required result. O

The following result is an immediate consequence of Theorem 2.9 and extends a recent result of Hirzallah

and Kittaneh (see [22]). Moreover, the obtained inequality considerably refine the inequality (1.5).

Theorem 2.10 Let T,S € B4(H). Then

wa(TS £ ST) < 2v/2min {fA(T, S), fa(S, T)}.

where

. [ 1% COI — 194 COI]

Fa(XY) = [V]la\ w4 (X 5

Proof By letting X =Y =TI in Theorem 2.9 we get

a(S 2 5T) £ 23]y x) - A~ AT o1
Now, by replacing T and S by S and T respectively in (2.15) we get the desired result. O
As an application of Theorem 2.10, we derive the following two corollaries.
Corollary 2.11 Let T € Bo(H). Then
oa(r®) < VTN iy - A D . 194 (D)1
Proof Follow immediately by letting 7= S in Theorem 2.10. O
Corollary 2.12 Let T, S € B4(H) be such that wa(T'S + ST) = 2v/2||S||awa(T) and AS # 0. Then
[Ra (T[4 = IS4 (D] 2 - (2.16)
Proof It follows from Theorem 2.10 that
oA(TS 4 ST) < 3335 Mm I G
< 2v2||S|| awa(T).
Therefore, since wa(T'S £ ST) = 2v/2||S|| awa(T), then
2181 ()~ IR TS _ . 5y )
Since AS # 0, then ||S]|a # 0. This immediately proves (2.16) as desired. O
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