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Abstract: In this paper, we study the stability and oscillation of fractional differential equations
1
‘Dx(t) + ax(t) + / z(s+ [t — 1])dR(s) = 0.
0

We discretize the fractional differential equation by variation of constant formula and semigroup property of Mittag—
Leffler function, and get the difference equation corresponding to the integer points. From the equivalence analogy of
qualitative properties between the difference equations and the original fractional differential equations, the necessary

and sufficient conditions of oscillation, stability and exponential stability of the equations are obtained.
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1. Introduction

In 2008, E. Braverman, S. Zhukovskiy [4] considered the stability and oscillation of equations with a
distributed delay

2/ (t) + ax(t) —|—/0 z(s+ [t — 1))dR(s) = 0.

In 2015, M. Veselinova et al. [13] dealt with stability analysis of linear fractional differential system with
distributed delay

RLDSJrX(t) = /0 [ng(@)]X(t—i— 9), k = 172,...,717 (11)

where rr Dyt denotes Riemann-Liouville fractional derivative, o € (0,1), o € (0,00), U:R xR — R.

They proved the classical result that if all roots of the characteristic equation

det(G(p)) = 0,
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where
por = ff epﬁdl(a) [0 ez .. - ff ePPdy ()
(o) = — [0 erPdl(e)  pez— [0 ePPad0) .. —[° erPdy(0) ’
- epﬁdl () — [0 ePd2(0) .. pon — [0 erPdr(B)

have negative real parts, then the zero solution of the considered homogeneous linear fractional differential
system with distributed delays is globally asymptotic stable.

Motivated by the above papers, we consider Caputo fractional differential equations with a distributed
delay

‘D (t) + ax(t) + /01 z(s+[t—1])dR(s) =0, ¢t >0, (1.2)

where °D® is the Caputo derivative of order o € (0,1], a < 0 is a constant, fol xdR(s) is Lebesgue—Stieltjes

integral where R(x):[0,1] — R is left—continuous function of bounded variation, [t] = max{n | n < t,n € N}.
Let R(s) = bX(a,1], Where X(3, is characteristic function of interval (b,c], i.e. X, =1, if z € (b, ]

and X, = 0, if © ¢ (b,c]. Then (1.2) becomes fractional differential equations with piecewise continuous

arguments
D%(t) + ax(t) + x(a+[t—1]) =0, ¢t>0.

In recent years, there has been much research activity in the study of oscillation and stability of various
classes of differential equations (see, e.g., the papers [5, 6, 10], dynamic equations on time scales (see, e.g.,
the papers [2, 3]), partial differential equations (see, e.g., the papers [7, 11, 12], where stability in the sense of
globality of solutions to problems arising in mathematical biology and physics is addressed). However, to the
best of our knowledge, a little literatures have discussed the stability and oscillation of fractional differential
equations with distributed delay, see [13].

We introduce a new technique to solve this question by semigroup property of Mittag—Leffler function and
variation of constant formula. We discretize the fractional differential equation into a second order difference
equation with constant coefficients, which is equivalent to the original equation in terms of oscillation and
stability, as well as use characteristic equations of second order difference equations to analyze oscillation,
stability and exponential stability of fractional differential equations with distributed delays. In particular,
fractional differential equations with piecewise continuous arguments is a special case of Equation (1.2). Our
results improve and generalize the results in reference [4].

This paper is structured as follows. In Section 2, we present necessary notations, lemmas and definitions.

In Section 3, we state and prove our main results. At last, an illustrative special case is proposed.

2. Preliminaries
As is known, there are many different definitions of the fractional derivative, all of which generalize the usual
integer order derivative. Below we recall the definitions of Caputo fractional derivatives as well as some of their
basic properties.
Definition 2.1 ([9]) The Caputo derivative of fractional order « of function x(t) is defined as

1 t
‘DY x(t) = / (t — )7t (Ddr, > 1o,

L(n—a) Jy,
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with n = [a] + 1, where [@] means the integer part of «.

Note a variation of constant formula for Caputo fractional differential equations:

Lemma 2.1 ([1]) The unique solution of
“DE,alt) = Aalt) + (1), 2(0) = n,

where A € R™™ and f :]0,00] = R™ is measurable and bounded, is given by

£(t) = Ea(t*A)n + / (t = 1) Baa((t — 1) A)f(r)dr, (2.1)

where Eo(z) =Y 1o g ot Paalz) = Yorco oatay: @€ (0,1].

Remark 2.1. Equation (2.1) is suitable for constant coefficient fractional differential equations with

forcing terms.
Lemma 2.2 ([8]) A difference equation with constant coefficients
Tpt2 — P1&nt1 + P22, =0, n=-1,0,1,... (2.2)

is stable if both roots of the characteristic equation A2 —piA+pa = 0 are on the unit circle and is exponentially
stable if the roots are inside the unit circle. The latter condition is satisfied if |p1| < p2 +1 < 2 and is also
equivalent to the asymptotic stability of (2.2). The former condition is satisfied if |p1| < p2 +1 < 2. Equation
(2.2) is oscillatory if and only if its characteristic equation has no positive roots, which is valid if either the

discriminant is negative (p? < 4py) or all coefficients are nonnegative (p1 <0, pa = 0).

3. Main results
We consider (1.2) with the initial condition

x(t) = ‘L/J(f)» (&S [_170]7 (31)

under the following assumptions:

(A1) R(s):]0,1] = R is a left—continuous function of bounded variation which has a nonzero variation
in [0,1];

(A2) v : [0,1] — R is a Borel measurable function such that the Lebesgue—Stieltjes integral fol P(s —
1)dR(s) exists (and is finite).

Definition 3.1 Continuous function z(t) is a solution of (1.2), (3.1) if it satisfies (1.2) almost everywhere
for t > 0 and (3.1) for ¢t € [-1,0].

Denote

1
Tn =2z(n), T_1 = /0 P(s — 1)dR(s), (3.2)

1 1
Kn:/O x(s +n)dR(s), K,lz/o ¥(s — 1)dR(s), (3.3)
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Y1 - E,(—as®)

. dR(s). (3.4)

P(a) = /01 E,(—as*)dR(s), Q(a) :/0

Next, we reduce the solution of (1.2) at the integer point to a solution of the second—order difference
equation.

Lemma 3.1 (1) The solution of (1.2) and (3.1) between integer points is

Ea(_ata) Ea(fana)) -1

) = B (Zana)

K,—1, t€nn+1), (3.5)

where K,,, x,, are defined by (3.2), (3.3), n=0,1,2,....
(2) The solution of (1.2), (3.1) at integer points satisfies the second order difference equation

sz~ (B(=0) = Q@) + (F— 22
Proof. (1) (i) When ¢t € [0,1), from (1.2), (3.1), we have

‘D% (t) + ax(t) + /0 (s — 1)dR(s) = 0. (3.7)

From definition of K_1, (3.7) can be written as *D%z(t) + ax(t) + K_; = 0.

We can conclude from Lemma 2.1 that

(1) = Bo(—at®)zg + /O (t— 1) B a(—a(t — 7)) (=K _)dr

[ee) + k
(—a) k -1
=E,(—at®)xzg — K_ E /7t—7 ata—lg,
( )0 1k:0 o F(ka+a)( )

& (_ata)k+1

« K71
= Ea(-at%)zo + — I;) L((k+1a+1)

E.(—at®) —

1
= Eq(—at*)xo + K_q;

(i7) When t € [n,n + 1), similar to the step (i), we can obtain

K,_1, t€nn+1), n>1.

(2) Because z(t) is a continuous function, we have

Eo(—a(n+1)%)
1)« —an® -1
a(n+1) )xn—l- ol )

E.(—
E.(—an®) a

Tny1 = K,y

From semigroup properties of Mittag—Leffler function, then x,+1 = Eo(—a)x, + %Kn_l.
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We can also see that

K, — /01 (s +n)dR(s) = /01 <Ea(—asa)xn + Ea(_“ja) - 1Kn_1) dR(s)
—as®) —1

—;pn/olE( as®)dR(s) + K, — 1/

Letting Y, = (z,,, K,_1)T, then Y, ;1 = AY,,, where

= (5 Tae )

Thus, z,, satisfies the second order difference equation

1— E,(—a)

i = (E(-) = Q@) + P@) - Eal-0)Q@)) 0 =0,
The proof is complete.

Remark 3.1. By Lemma 3.1, the solution of (1.2), (3.1) at integer points satisfies the difference equation
(3.6) with zg, x_1 defined in (3.2).

Definition 3.2 A solution of (1.2) oscillates if it is neither eventually positive nor eventually negative.
Equation (1.2) is oscillatory if all its solutions oscillate.

A solution of (3.6) oscillates if the solution {z,} is neither eventually positive nor eventually negative.

Equation (3.6) is oscillatory if all its solutions oscillate.

Lemma 3.2 Fquation (1.2) is oscillatory if and only if (3.6) is oscillatory.

Proof. “ <«<": We can easily see that if a solution of (3.6) oscillates then the relevant solution of (1.2) (with
an appropriate initial function, see Remark 3.1) cannot be eventually positive or negative.

“ =" Because of

e (_ata>k , e ( tka > kkatka 1
(Ba(—at*)) = or—2=) = Z
pors I'ka+1) =T koz+1 = T (ka+1)
— (—at®)kt~! -1
— —t71E, o(—at®),
> T(ka) of=at?)
k=0
then
Eo (—at®) !
Eo(—at®) ' Bal—an®) 1
(1) = . o K,
=) <Ea(—ana>> o a :
1Eo< —at®
 Bao(—at?) | T (3.8)
Eo(—an~) ™" a nt
Kn,1 t Ea 0(—at“)
= n . ) t ) 1
(zn + u ) B (—an®) € [n,n+1)
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Note that by (3.8) a solution of (1.2) increases in [n,n+1) if az, +K,_1 < 0 and decreases if az,, +K,_1 > 0.
Thus, if z(n), z(n+1) have the same sign, so are all the points between n and n+ 1, hence oscillation of (1.2)
implies that (3.6) is also oscillating. O

In the following, the equivalent analysis of the stability of Equations (1.2) and (3.6) is considered.

According to (A2), the initial function is bounded, so we can define the supnorm:

[l = sup [(t)].

te[—1,0]

Definition 3.3 Equation (1.2) is stable if for any € > 0 there exists § > 0 such that for any ¢ satisfying
(A2) inequality ||v|| < § implies |z(t)| < e for t > 0. Equation (1.2) is asymptotically stable if it is stable and

tlim z(t) = 0 for any initial conditions. Equation (1.2) is exponentially stable if there exist positive numbers
— 00

N, ~ such that any solution satisfies
|z(t)] < Ne7"||¢].

Equation (3.6) is stable if for any e > 0 there exists § > 0 such that max{|zgl|,|z_1|} < § implies
|zn| < & for any n > 0. Equation (3.6) is asymptotically stable if it is stable and tlg(r)lo z, = 0 for any initial
conditions. Equation (3.6) is exponentially stable if there exist positive numbers N, 7 such that any solution
satisfies

|xn| < Ne™ " max{|zgl, |x_1]}-

Lemma 3.3 Fquation (1.2) is stable (asymptotically stable, exponentially stable) if and only if (3.6) is stable
(asymptotically stable, exponentially stable).

Proof. Since the proofs of three kinds of stability is similar, we only consider the case of exponential stability.
Necessity is obvious. Next, we prove the sufficiency.
From the exponential stability of Equation (3.6), there exist positive numbers N, v such that any solution
satisfies
|xn| < Ne™ " max{|zgl, |z_1]}
As in the previous corollary, for any solution of (1.2), max;c[, n41) [#(t)| is attained at the ends and equals

either |z(n)| = |z,| or |z(n + 1)| = |xpt1], so
[2(t)] < [zn] < Nem7" max{laol, |21}
= Ne e "D max{|zol, |z_1|}
< Ne max{1, e} ()]

Therefore, (1.2) is exponentially stable.[]
Next, we will obtain the necessary and sufficient conditions for the oscillation, stability and exponential

stability of equation (1.2).
Theorem 3.4 Suppose (Al)—(A2) are satisfied. Equation (1.2) is oscillatory if and only if at least one of the
two following conditions holds:

(Ea(—a) + Q(a))? < L= EalZ0)

1=
S
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P(a). (3.10)

Proof. By Lemma 3.2 Equation (3.6) is oscillatory if and only if either

L (Ba-a) - Q) < Y pia) - B (a)Q) (311)
1—FE,(—a)

E.(—a) <Qa) < P(a), (3.12)

aEq(—a)

where the former inequality is equivalent to (3.9) and the latter to (3.10).

Theorem 3.5 Suppose (Al)-(A2) are satisfied. Equation (1.2) is stable if and only if

1—-Ey(—a)

Q(a) - Ea(-a)] < P(a) — Eu(—a)Q(a) +1< 2

and is exponentially stable if and only if

1—FE,(—a)

|Q(a) — Eq(—a)| < P(a) — Eq(—a)Q(a) +1 < 2.

Proof. Combining Lemma 2.2 and Equation (3.6), we can get the result directly.

4. Particular case
In this section, we will consider a particular cases of (1.2).

Let R(s) be a step function R(s) = bx(r1)(t), 0 <7 < 1. Then (1.2) has the form
°D(t) + azx(t) + bx(r + [t — 1]) = 0. (4.1)

Then

1—E,(—ar®)

P(a) = Eq(—ar®)b, Q(a) = b.

So we can draw the following conclusions directly from Theorems 3.4 and 3.5. Equation (4.1) is oscillatory if

and only if one of the following two inequalities holds

« 2 _ _
1<Ea(—a)+ 1 - Ba(=ar )b> AEBaE) ey, (4.2)
4 a a
1
1 — Eo(—ar® —y — 1
Euo(—a) < o(Z0r) | B " g apeyp, (4.3)
a a

Equation (4.1) is stable if and only if

M;}_E (—a)| <
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and is exponentially stable if and only if

E,(—ar®) — Eq(—a)

b— Ey(—a)| <

‘1—Ea(—ar) b+1<2. (4.4)

a

Theorem 4.1 Let 0 < r < 1. Equation (4.1) is oscillatory if and only if
2

M > 0, then

Proof. Using (4.2), (4.3), we will obtain explicit conditions for b, if @ is given. Since

_ Eq(—ar®)
the left inequality in (4.3) becomes b > %, while the right inequality IE%IJ < 0is b> 0. Thus,
(4.3) has the form
b> {0 aFE(—a) - aFE(—a)
T Y1~ E(—ar®)’ 1 - E(—ar®)’

Inequality (4.2) can be rewritten as a quadratic inequality in b:

(1—Ea(_a7ﬂ)>2 b? + <2Ea(—a) — 2E,(—ar®

( ) B

w(—a))? < 0. (4.6)

The discriminant of the above quadratic inequality in b is

A(Ea(—a) = 2Ea(=ar®) + Ea(=a(r + 1)*))* = 4(Ea(—a) = Ea(—a(r +1)*))*
Eu(—ar®) — Eq(—a(r + 1)*) Ey(—ar®) — Eq(—a)

)

D =

=4

a a

which is positive as a product of two positive factors. A solution of inequality (4.6) is between the two roots

b1 < by of the relevant quadratic equation, the largest of them is

by (1 _ E:z_w)y <2Ea(—ara) - Ea(—z) — Bo(—a(r + 1)&))

N (1_Ea(_a)>2 (2\/Ea(ara) = Bal(—a(r + 1)%) \/Ea(aro‘) = Ea(a))

similarly
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Thus, when by < b < b2, (4.2) is satisfied. Let us demonstrate the relationship between by, b and %

the second term of the last equality is nonnegative since \/x < /T + y and the third term of the last equality

is nonpositive since /x +y </ + /y for any nonnegative x, y, thus by — % < 0, and
aFB(—a)
by —
1— E(—ar®)

as a product of three nonnegative terms, the last term is nonnegative since /z +y < y/z + /y for any

nonnegative x, y. From the above two formulas, we get b; < % < by. Hence b > by is equivalent to

{bl|bp<b<byorb > %} Namely, (4.5) is necessary and sufficient for oscillation, which completes
the proof.]
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Theorem 4.2 Let 0 < r < 1. Fquation (4.1) is stable if and only if
—a<b<(C,

where

. a(l1+E.(—a)) a p 1+ Eo(—a)—2E,(—ar®)
= { mln{1+Ea(_a)_2Ea(_ma), Ea(—ara‘)—E(,(—a)}’ Zf a >0
o a o 1+ Eq(—a)—2E,(—ar®)
Fal—ar®)—Ba(—a)’ if z <0

and is exponentially stable if and only if

—a<b<C.
Proof. By (4.4), we can obtain that (4.1) is exponentially stable if and only if

~ Ea(—ar®) - Ea(—a)b 1< 1- Ea(—ara)b _ Ea(-a) < E,(—ar®) — E,(—a)

a a a

b+1,

E,(—ar®) — E,(—a)

b<1.

Inequality (4.10) can be written as b > a7 » While the left inequality of (4.9) is

E,(—ar®)—Ey(—

1— E,(—a) Ey(—a)—1

b> Ea(—a) - 1, i.e., b> ma = —a.

Further, consider the right inequality in (4.9) which is equivalent to

1+ Ey(—a) — 2B, (—ar®)
a

b< 1+ E,(—a).

When 1+E°(_a)_a2E“(_Ma) < 0, then

b< - :
E,(—ar®) — Eq(—a)’
when 1+E“(_a);2E“(_ara) > 0, then
b < a(l + Ey(—a))

14+ Ey(—a) — 2E4(—ar®)’

combining with (4.10), we have

b<min{ a(l+ Ey(—a)) a }

14+ Eo(—a) — 2E4(—ar®)’ Ey(—ar®) — Eo(—a)

(4.9)

(4.10)

(4.11)

So the necessity is proved, and vice versa. The proof of exponential stability is completed. Stability is considered

similarly.]
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5. Example

In this section, we will present an example to illustrate our main results.

Example 5.1. We consider differential equations with piecewise continuous argument
‘D%(t) + ax(t) + z(r+[t—1]) =0, t>0, (5.1)

where a:%,a:—l,r:%.

When a = %, Mittag-Leffler function Eo(2) := Y, Wkﬂ) becomes E1(z) = exp(22)(1 — erfe(—2)).

By the definition of error function, we have

2 2 # 2
— o7 =
Ei(z)=e (1+ﬁ/0 e "dn), z>0.

Next, we calculate [; e~ dn by the method of polar transformation. Let u = I e~ dn. Thus

z 2 z 2 z 2 z 2 z z 2 2
u? :/ e " dn/ e " dn :/ e ” da?/ e YV dy :/ / e~ ) dady.
0 0 0 0 o Jo

We introduce a polar transformation 2 = Rcos@, y = Rsinf, where R € [0, 2], 6 € [0, ], then

u? = / d9/ Re R dR = f/ e T dR? = T(1 - ).
0 0 4 0 4

Therefore u = 47T~ =, and then By (=) =’ (1+ VI —¢ 7). So

11
Ei(—a) = E%(l) ~ 4.879, E%(—ar‘l) = Eé(\/g) ~ 4.031, E%(—a(r + 1)) = E%(\ / F) ~ 11.987.

Then

1+ Ey(—a) — 2E4(—ar®)
a

~ 2.171 > 0;

a(l+ Ey(—a)) a
= 2. =1.1 =1.179.
1+ E,(—a) — 2E,(—ar®) 708, E.(—ar®) — E,(—a) [ 7

C:min{

From Theorems 4.1 and 4.2, we can get:
(1) when b€ (0.393,1) U (1.179, 00), Equation (5.1) is oscillatory;
(#) when b € [1,1.79], Equation (5.1) is oscillatory and stable;
(#i) when b € (1,1.79), Equation (5.1) is oscillatory and exponential stable.
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6. Conclusion
In this paper, we transform the study of the fractional differential equation into the study of second order
difference equation with constant coefficients which is equivalent to the original equation in terms of oscillation

and stability. In the same way, we can study the equation

t—k
T

°D*x(t) + ax(t) + Z /00 zi(s+r] ])dsRi(s) =0.
§=0
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