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Abstract: In this paper, we construct a new SEIR epidemic model reflecting the spread of infectious diseases. After
calculating basic reproduction number R by the next generation matrix method, we examine the stability of the model.
The model exhibits threshold behaviour according to whether the basic reproduction number Rg is greater than unity
or not. By using well-known Routh-Hurwitz criteria, we deal with local asymptotic stability of equilibrium points of
the model according to Ro. Also, we present a mathematical analysis for the global dynamics in the equilibrium points
of this model using LaSalle’s Invariance Principle associated with Lyapunov functional technique and Li-Muldowney

geometric approach, respectively.

Key words: Lyapunov function, LaSalle’s invariance principle, The second additive compound matrix, Li-Muldowney
geometric approach, Next generation matrix method, Basic reproduction number, Jacobian matrix, Routh-Hurwitz

criteria.

1. Introduction

Differential, difference, integral or integro-differential equations are widely used to explain relevant fenomena
in practical applications of areas such as physics, chemistry, biology, ecology, epidemiology, engineering and so
on, [5-7], [16]. Especially applications in mathematical biology have recently received considerable attention.

Population dynamics, one of the fundamental issues of mathematical biology, is interested in changes
in population density caused by factors such as reproduction, mortality, and migration. The models reflected
population dynamics are stated with time derivatives of components consisting the system to talk about the
dynamic processes related to changes. By using system of differential equations, many authors describe the
models on population dynamics and analyze the stability of its, [3], [27].

Population dynamics makes mathematically researches possible in interesting phenomena such as epi-
demic diseases, too. Models reflected the spread of infectious diseases and its analysis are attracted particular
attention and so this branch is closely connected the theory of infectious diseases.

As is known, all creatures especially humans have been enormously influenced by infectious diseases
during their lives. Millions of people have died of various infectious diseases so far in history. Mankind has
striven to control the spread of infectious diseases, but this has not always been easy when considered in
its entirety. In this context, mathematical modeling, which is one of the main tools in epidemiology, has

an important role in understanding of the dynamics of spread of infectious diseases. In 1927, Kermack and
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McKendrick [19], by using a system of ODE constructed a mathematical model to describe the spread of
infectious diseases in a population. In this model, known as the SIR epidemic model in the literature, they
divided the population into non-intersecting three compartments; Susceptibles (S), Infectious (1) and Removed
individuals (R). Then many authors studied on STR model (see [1], [25] and references therein). On the other
hand, different compartmental epidemic models such as SIRS,SEIR and SV EIR have been introduced in
lots of forms by many authors and various results about these epidemic models have been obtained, [9], [10],
[17], [18], [26], [28].

As an example of classical SEIR models, in [26], the authors have considered the following model

dsS

A _ BST —

o T —f3S S,

dE

E = ﬁSI_(/l+U+T)E7
dI

£~ sE- I
o oE —(y+p+9d)1,
dR

— = FE I — .

7 TE +~I — uR

In general, the authors focus on stability analysis of their proposing models according to reproduction
number R defined as the number of secondary cases generated by an infectious. If Ry < 1 then invasion of
individuals by the pathogen does not give rise to a widespread epidemic and so the disease gradually becomes
extinct. Otherwise, that is for Ry > 1, the disease continues to spread in the population.

The Routh-Hurwitz Criteria and LaSalle’s Invariance Principle associated with Lyapunov functionals are
among the common tools used in stability analysis of epidemic models.

In this paper we construct a new SEIR model including distributed latent period. We assume that the
population consists of non-intersecting four compartments; Susceptible (.S'), Exposed (E), Infectious (I) and
Removed (R). In this model, the pathogen can be transmitted from the infectious to the susceptible when a
susceptible comes into an effective contact with an infectious individual. In this case the susceptible individual
becomes a candidate to be infectious with a certain probability changing according to some rates. But the
susceptible individual may not be infectious immediately. The period of after effective contact before becoming
infectious is defined as latent period. In other words, the latent period is the time between invasion of the
body by a pathogenic organism and the time at which an individual is capable of transmitting the disease
to susceptibles. Indeed, latent period varies from a few days to several months, depending on the causative
organism and type of disease. But we should immediately note that this period is finite.

The most important difference between our model and other SEIR models is that an individual leaving
from S belongs to E through the latent period and becomes infectious himself with a certain rate (o) after a
latent period (7). We use a distribute function to take into account the latent period changing according
to individuals in order to add a more realistic structure to classical SEIR epidemic models. The main
difference in our model is especially due to this transition. This model approach can be considered for all
infectious diseases such as measles, pox, dengue, seasonal or annual influenza, SARS, Covid-19, etc. which
can be transmitted from person to person and have a latent period. After describing of the model, we
present a mathematical analysis for local and global dynamics of it by considering appropriate methods and
designing suitable techniques. Analyzing of the corresponding characteristic equation to Jacobian matrix at the
equilibrium points, Routh-Hurwitz Criteria, Lyapunov functional technique associated with LaSalle’s Invariance
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Principle and Li-Muldowney geometric approach are the main techniques used in this study.
2. The model

In this paper, we constitute an SEIR model including distributed delay given by the system of the following

nonlinear ordinary integro-differential equations with the initial condition E () = E (t) for ¢ € [—7,0] :

L LIOREITE
h
= BSOI0 -0 [IME(-Tdr -t ) E(),
0
dl h
o = J/f(T)E(t—T)dT—(’y+u+5)](t), (2.1)
0
% = aFE({t)+~I(t)—puR(t).

Where S(t), E(t), I(t) and R(t) denote the numbers of the susceptibles, of exposed to the pathogen, of
infectious individuals and of removed members at time ¢, respectively. Also all parameters and functions S,
E, I, R are nonnegative. N (t) shows the total number of the population at time ¢ such that S (¢) + E (t) +
I(t)+ R(t)=N(t), t >0. As a matter of course, the functions S, E, I, R and N are nonnegative.

In the model, we assume that all new members of the population get involved in S at the constant rate
b. The parameter p represents the natural death rate of all compartments. Also S is the effective contact rate
between susceptibles and infectious. « represents the rate of the members ”exposed but is not be infectious”
and so the number of individuals transfered to R from E is aF (t) at every time ¢. On the other hand ~
shows the recovery rate of infectious and ¢ is the death rate due to the infection in compartment I.

Also the function f is a distribute function showing density of the exposed individuals whose latent

h
period is 7. It is assumed that f :[0,h] — [0,1] is continuous and satisfies [ f (7)dr = 1 such that h is the
0

superior limit of latent periods in the class E. Additionally, we assume that every members of exposed does
not become infectious. On behalf of reflecting this fact we write o which denotes the progression rate to I
from E. The term f(7)E (t — 7) represents the number of exposed individuals entered in latent process of
the latent period with exposure age 7 (i.e, time elapsed since exposure to the pathogen). So these individuals
complete their latent periods at time ¢. Therefore, taking all these assumptions into account, the total number

of individuals transferred from E to I at each time ¢t is

h
O'/f(T)E(th)dT.
0

3. Some basic results related to the model

Now we consider the equilibrium points, basic reproduction number and suitable region for the model (2.1).
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3.1. Equilibrias

Firstly we note that, since the function R is not involved by other equations of (2.1), it is sufficient to consider
the system (2.1) without dR/dt.
The system has two equilibrium points. It can be easily seen that DFEP (the disease-free equilibrium

point) of the system is
b
€0 = (S0, Eo, lo) = (7070) :
7
On the other hand, to determine EEP (the endemic equilibrium point) of the system (2.1), we have to
solve the following system of algebraic equations with I* # 0 :
0 = b—pS"I"—pusS™,
0 = BSI"—(c+u+a)E",
0 = oE"—(v+u+d)I".

Then EEP is obtained as

€ = (S*, E*, I*) = <(U+,u+a)(7+u+5) (b— pS*™) (v + pu+9) b—ﬂS*)

Bo ’ BoS* T BS*

We should immediately note that the meaningfulness of e, will be discussed after determining Ry.

3.2. Reproduction number for the model

In mathematical epidemiology, the dynamics of models of infectious diseases are generally established by a
threshold known as the basic reproduction number Ry. Characteristically, if Rg < 1 then an infectious can
not even create averagely one new case during his/her infectiousness period and so the disease cannot continue
to spread. If Rg > 1 then each infectious produces more than one new cases and as a result of this the disease
increasingly continues to spread in the population. Since R allows to determine the amount of effort which is
necessary either to prevent an epidemic or to eliminate the disease in a population, estimation of R is vital
for infectious diseases.
Now, let us calculate Ry by using the next generation matrix method, [11], [12].

Let X = (E,1,5)" . So model (2.1) can be written as

dX
L =PV,
such that
B BS(1)1(2)
Al PXO=| 0 |,
0
r h
aoff(T)E(t—T)dT+(u+a)E(t)
v = (7+u+5)1(t)—Off(T)E(t—T)dT
_ BS (6)1 () + S (1) — b
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In this splitting, P(X) is the matrix formed with writing of the partitionings in which new infections appear
in compartments E, I and S, respectively; and V(X) is the matrix formed with writing of the partitionings

in which other transitions between compartments E, I and S, and other compartments, respectively.

By differentiating P(X) and V(X) at DFEP ¢, = (%,0,0) with respect to E, I, S respectively, we

get
0 BSy O
dP(ep) =1 0 0 O
0 0 O
and
o+ pu+a 0 0
dV(Go) = —0 ’Y+M+6 0
0 BSo I

Considering the infection can be only existed in £ and I, let us create the matrices P and V in the form of

0 BS
P=d7’2x2={0 500]

and

V:dvmz[”“”a 0 }

—0 y+u+o
The matrix PV ! whose spectral radius will give the formula of the basic reproduction number is obtained as

BoSo BSo
(ot+pto)(y+utd)  y+put+d

PV =
0 0

From the biological meanings of P and V, it follows that P is entrywise non-negative and V is a non-singular

o)

M -matrix, so V! is entrywise non-negative. Let 777 (0) show the number of initially infected individuals. Then
PV~ (0) is an entrywise non-negative vector giving the expected number of new infections. Matrix PV ~!
has (1;1) entry equal to the expected number of secondary infections in compartments F and I produced by
an infected individual introduced in compartments £ and I. Thus PV ! is the next generation matrix and
Ro=p (PV_l) ; where p denotes the spectral radius.

Thus, considering the characteristic polynomial of PV !, the spectral radius of the next generation

matrix is
_ Bo Sy
PV = .
PPV = T et
Therefore Rq is found as
b
Ro = po (3.1)

plo+p+a)(y+p+d)
for the model (2.1).

Besides that EEP ¢, can be rewritten as

b op(y+p+d)(Ro—1) M(R0—1)>
LRo’ Bo ' B .

€. = (S, E*, I") = <
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Conclusion 3.1 Model (2.1) has always the equilibria DFEP €y. Particularly, if Ro < 1 the € is unique
equilibria. If Rg > 1, there exist two equilibrias; DFEP €y and EEP €.. Also e, is meaningfull only when
Ro > 1.

3.3. Positively invariant region

As is known, a set () is invariant with respect to

dN
dat =g(N)

if N(0) € Q requires N (t) € Q for all ¢t € R. Especially if N(0) € Q requires N (t) € Q for all t € Ry = [0,00)

then it is said that € is positively invariant.

Theorem 3.2 The set

Q= {(S,E,I,R) S, I,ReC(Ry,Ry), E€C([-r,00),Ry) and N (t) <

=l
——

is positively invariant for the model (2.1).

Proof Adding the all equations of system (2.1), we get

dN
— N({@t)=0b-61
o THN () =0b-14L
and so
dN

Taking into account that

is solution of
d

pr (N (t)e') = be

then for the initial condition ¢ = 0, we obtain

Thus we have

N (t) = N (0)e M + % (1—e ). (3.3)

By the Standard Comparison Theorem [21], we deduce that N (t) given by (3.3) is the maximal solution of
inequality (3.2). Hence

N (t) < N (0)e "t + % (1—e ")
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for all ¢ > 0. Particularly, N (¢t) <b/p if N (0) <b/u. So Q is positively invariant for system (2.1).

On the other hand, if N (0) > b/p then either the solution enters €2 infinite time or N () approaches
b/u asymptotically. Hence, Q attracts all solutions of (2.1). Thus the model (2.1) can be just evaluated in 2
mathematically and epidemiologically. O

4. Local and global stability of DFEP

In this section, we present stability results for DFEP ¢; by analyzing the corresponding characteristic equation

and using LaSalle’s Invariance Principle associated with Lyapunov functional technique.

Theorem 4.1 If Rg <1, DFEP ¢, is locally asymptotically stable in €.

Proof The Jacobian matrix of system (2.1) at DFEP ¢ is

—H 0 —BSo
J(Go): 0 —(O’+M+O¢) BSO
0 o —(y+u+9)

Thus, the corresponding characteristic equation of J (¢g) is described by
(=AM +[c+p+a)+(v+p+0)]A+(c+p+a)(y+p+d) —BoSy) =0. (4.1)
This equation always has negative root A\; = —u. For the other roots (Az and As) of equation (4.1), we have
A+ Az=—(0c+p+a)—(y+p+d) <0
and

plotp+a)(y+p+d)—bbo
1
= (c+p+a)(y+p+0)(1—Ro).

A2z =

For Ry < 1, since AgA3 > 0, we can say that all roots of equation (4.1) have negative real parts. Hence DFEP
€o is locally asymptotically stable for Ry < 1. O

h
By the way let us focus on derivation of the expression o [ f (7) E (t — 7) dr with respect to E, used in
0

constructing the Jacobian matrices in proof of Theorem 4.1 and Theorem 5.1. If we define operator T as

T(f,E)tr)=f(r)E{-7)

then we write

h
0

h
3% a/f(T)E(t—T)dT =0 @T(f,E)dT-
0 0

Indeed, if we choose t =t — 7 then E(t —7)=FE (E) and so we can say that even though E (t) and E (5) have

different independent variables, it represent the same function. Since

o () _

OFE ’




we can say

So we obtain

Stmeyye CAKAN/Turk J Math

h h
aaE(o/f(T)E(tT)dT)a/f(T)dT
0 0

Theorem 4.2 If Ry <1, DFEP ¢, is globally asymptotically stable in .

Proof Let us consider the following nonnegative function that we prepared in accordance with model (2.1):

h t
W(t):JE(t)+(J+,u+a)1(t)+a(u+a)/f(7) (/E(z)dz) dr.
0 -7

Differentiating with respect to time yields we get

aw
dt

h
= oBS(t 02/f E(t—r)dr—o(p+a)E(t)
0
h
+02/f E(t—n)dr—o(y+p+9)I(t)
0

h
o (u+a)/f( VE(t—7)dr — (u+a) (v +p+6) I (1)

h
ocpt+a) | f(r E(2)dz | dr
Jioa(f v
oBS (W1 (t) — o (u+a)E(t) =0 (y+u+6)I(t)

to(p+a) [ f(NE(t—71)dr —(p+a)(y+pu+08)I(t)

O\v

h h
+U(u+a)/f()E tydr—o(p+a /f E{t—-7)d
0 0
E(t)

oS I({t)—o(y+p+08)I(t)—(p+a)(y+u+d)I(t)
I(t)[oBS (t) = (o4 p+a) (v +p+9)]

I()(bff—(a+u+a)(v+u+5)>

(4.2)
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— I@MU+M+QNV+N+®(uw+u+%ﬁv+ﬂ+®_J>

= It)(ctpta)(y+pu+d)(Ro—1)
< 0.

This result shows that W is a Lyapunov function in Q for system (2.1). According to LaSalle’s Invariance

Principle [22] the limit set of each solution is contained in the largest invariant subset of
aw
{(S,E,I) : (S, E,I) is a solution of T O} .

> Also this largest invariant subset consists only singleton ¢y for Ry < 1. Thus DFEP ¢ is globally asymptotically
s stable. O

4+ 5. Local and global stability of EEP

s In this part, we present stability results for EEP by using the Routh-Hurwitz Criteria and Li-Muldowney
¢ geometric approach, respectively.

7 Theorem 5.1 If Ry > 1, FEP e, is locally asymptotically stable in Q.

Proof The Jacobian matrix at EEP €, of model (2.1) is

—BI* — 0 —pS*
J(ex) = pI* —(c+pu+a) BS*
0 o —(vy+p+9)
Considering that
«_lo+tp+o)(y+p+d)
S* =
Bo
s and
b—pS*
A
pS*

bBo—p(c+p+a)(y+up+9)
Blo+p+a)(y+p+o)
1(Ro—1)
p

o the corresponding characteristic equation of J (e.) is found as
N+ O 4+ Cod+ C3 =0, (5.1)

where
(c+p+a)(v+u+8)++u+a)(y+up+06)?’+b8c

C:
! (c+pu+a)(y+p+0)
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_Wo(lo+n+a)+(y+nu+d)
(c+p+a)(y+p+d)

Cs

and

Cs bBo —p(oc+p+a)(y+p+9)

= plo+pt+a)(y+p+6)(Ro—1).

Since all parameters are positive we say that Cy, Cy, C3 > 0 for Ry > 1.

According to Routh-Hurwitz Criteria we calculate as

H1 = 01 > 0,
C1Cy — (s
H, = 122
2 Cy
(c+pu+a)(y+p+d)
bBo ((o+nta)+(v+p+0))[(o+n+a) (y+utd)+(o+pt+a) (v+p+0)*+bfo]
x|ulotpta)(y+pt0) —bfo+ (o+uta)?(v+u+d)
B (c+p+a)(y+pu+8)+(+p+a)ly+uptd)’+bsc
> 0 (after the simplifications)
and

Hs;=C53>0.

Hence we conclude that all the roots of equation (5.1) have negative real parts. Therefore, EEP €, = (S*, E*, I*)
is locally asymptotically stable. O

To examine the global dynamics of €, , we use the geometric approach that can be applied in the proofs
of global stability of dynamical systems, proposed by Li and Muldowney, [24]. A general theoretical summary

for relevant details is provided to readers in Appendix.

Firstly we will focus that system (2.1) is uniformly persistent. System (2.1) is uniformly persistent [4, 29]
if there exists a constant ¢ > 0, independent of initial data in €, such that, any solution (S (t), E (t),1(t)) of
(2.1) satisfies

litrgggfs (t) > ¢, litrglrole (t) > c and litrggolfl (t) > ¢

provided (S (0),E (0),1(0)) € Q.

On the other hand, when R > 1 by utilizing Lyapunov function created in (4.2) one can easily seen that
€o is unstable. Indeed, if Rg > 1, dW/dt > 0 for S sufficiently close to b/u except when I = 0. Solutions
starting sufficiently close to € leave from the neighborhood of €y after a certain part. By using the result about
uniformly persistence in [15] and the similar argument to the proof of Proposition 3.3 in [23], it can be shown
that, when R > 1, the instability of ¢y implies the uniform persistence of (2.1). For this reason, the proof of
the following result is omitted in order to avoid repetition.

Theorem 5.2 If Rg > 1, system (2.1) is uniformly persistent.

10
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Theorem 5.3 If Ry > 1, EEP €, is globally asymptotically stable in .

Proof In accordance with Theorem 5.2 which is said that system (2.1) is uniformly persistent together with the
boundedness of solutions, we can say that there exists a compact set ® in the interior of {2 which is absorbing for
(2.1), [4]. Thus the assumption (LM2) given in Appendix is satisfied. Based on Li and Muldowney’s technique
outlined in Appendix, the proof of the theorem is created by choosing a suitable vector norm |-| in R? and a
3 x 3 matrix-valued function A (x) so that the quantity gz defined by (7.3) in Appendix part is negative.

Let © = (S,E,I) and f (z) denote the vector field of (2.1). Then the Jacobian matrix J = Df (z) along
each solution (2.1) is

—BI —pu 0 —-BS
J = BI —(c+p+a) B8S
0 o —(v+p+9)

and its corresponding second additive compound matrix J? is obtained as

Bl —p—(0c+p+a) BS BS
J = o —BI —p— (y+p+0) 0
0 BI —(o+p+a)—(y+p+9)

Let us establish matrix A as

1 0 0
A=10 £ o0
E
o0 E
It can be easily seen that
0 0 0 ]
Ap=1]0 Z_LE 0
0 0 E_LIF |
and so
0 0 0 T
- E _ I
AjAT =10 =T 0
o o E-f
Therefore the matrix B = Ay A~ + AJPIA=T is obtained as
—BI—p—(o+p+a) LS Lps
B= Ey B L Bl —pu—(y+pu+d) 0
0 81 B L —(o+p+a)—(y+p+d)

Also B can be written as

Bi1 B
B =
{ By1 B } ’

11
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where
B =[-8l —p— (0 +p+a),
By =] £8S £BS].
E
_ | 1°
e[ ]
and
E’ I
FT-TBl—p—(y+pt+d) 0
B22: ’ ’
BI F-T-(otputa)—(y+p+9)

Let us consider the vector norm defined with
(a1, a2, a3)| = max {[a1], [az| + [as[}

in R3 with (a1, az,a3) € R3.

On the other hand, the Lozinskii measure py with respect to this norm can be estimated as follows:

pr (B) < max{g1, g2} (5.2)
such that
g1 = pr(Bu)+|[Bial,
g2 = |Boi|+ pr (Ba2).

Note that pr, (Ba2) is the Lozinskii measure of the matrix Boy with respect to I3 norm in R?. Also |Bjs| and
|B21| are the operator norms of Bjs and By; with mappings from R? to R and from R to R2, respectively.

Where we consider that R? is endowed with {1 norm. Also note that since By, is a scalar, its Lozinskil measure

with respect to any vector norm in R is equal to Bi;.

Therefore, the matrix norms |Bi2| and |Ba;| with respect to the vector norm are obtained as

I E
|Blg| = EBS and |Bgl| = 70’.
Also
pr(Bu) ==Bl—p—(oc+p+a,

and to calculate py, (Baz), the absolute value of the off-diagonal elements in each column of matrix Bgs are

added to the diagonal one and after is taken the maximum one among this two sums. Hence

/ I/ E/ I/
pr (Bg) = maX{E—I—ﬁl—u—(7+u+5)+ﬂLE—I—(0+u+a)—(v+u+5)}
El Il El !
— wax{ G- oum a0 - T tara) - ()
E T
= E—T—#—(’H'/J*'fs)-

12
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I
91:NL(Bll)+|312|:_BI_,U_(U-FM-‘FOZ)-FBSE

g2 = |Ba1| + pr (Ba2) =

E T

From second and third equation of (2.1), we write

and

respectively.

Substituting the equalities (5.5) and (5.6)

and

So by (5.2) we write

I
BS%

g1

pr (B) < max{g1, g2} =

/

BT

E
’y+u+6)+70.

=F=+tot+pta

E

into (5.3) and (5.4), respectively, we obtain

0= = +y+ptd,

E/
= f—ﬁl—ﬂ
E/
< E—N
E/
g2=f—ﬂ~
E/
)

E

(5.5)

Since system (2.1) is uniformly persistent by Proposition 5.2, there exist ¢ > 0 and T > 0 such that ¢t > T

implies

E(t) >c

and

for all (S(0),E (0),I(0)) € ®. As a result, we have

g2 = limsup

t—o0

1
sup;/uL(B)ds <logE(t)—,u§—H<0.

0

t

1

=

2

Hereby, the conditions of Theorem 7.3 given in Appendix are satisfied and therefore EEP ¢, is globally

asymptotically stable in .

13
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6. Conclusion

In this paper we construct a new SEIR model including distributed latent period. The most important
difference between our model and other SEIR models is that an individual leaving from S belongs to F
through the latent period and becomes infectious himself with a certain rate (o) after a latent period (7). We
use a distribute function to take into account the latent period changing according to individuals in order to
add a more realistic structure to classical SEIR epidemic models.

The presented model has always the disease-free equilibrium point. Particularly, if Rg < 1 it is unique
equilibria. Also the model has an endemic equilibrium point in addition to disease-free equilibrium when
Ro > 1.

As one of the main results, we focus on stability analysis of the model according to Ry. The mathematical
results we obtained from the stability analysis of the model epidemiologically mean that if Ry < 1 then invasion
of individuals by the pathogen does not give rise to a widespread epidemic and so the disease gradually becomes
extinct. Otherwise, that is for Ry > 1, the disease continues to spread in the population.

7. Appendix

In this section, brief summary informations about the Routh-Hurwitz criteria, La’Salle invariance principle
associated with Lyapunov’s direct method and Li-Muldowney technique, which have a quite wide and toilsome

theory, are given enough to remind the reader in this article without going into details.

7.1. Routh-Hurwitz criteria
The Routh-Hurwitz criteria is generally used to determine local asymptotic stability of an equilibrium for
nonlinear systems of differential equations. This criterion is a method showing the stability of a nonlinear
system by taking into account the coefficients of characteristic equation of Jacobian matrix of the system at
equilibrium points. This important method that give necessary and sufficient conditions for all of the roots of
the characteristic polinomial to lie in the left half of the complex plane takes its name from E. J. Routh and A.
Hurwitz, who contributed to the formulation of this criteria. In general the Routh stability criterion states a
polynomial has all roots in the open left half plane if and only if all first-column elements of the Routh array
have the same sign.

A tabular method (Routh-Hurwitz table) can be used to determine the stability when the roots of
a high order characteristic polynomial are difficult to obtain. For an nth-degree polynomial in the form

P(s) =aps" + An_18""1 4+ -+ a5+ ap the table has n + 1 rows and the following structure:

(£79) Ap—2 Qp—4 0

Gp—-1 ap—-3 0Aan—5 0

by bo b3 0

H, = 1 Co c3 0
L 0 0 e 0 i

where the elements b; and ¢; can be computed as follows:

b anflan72i_'anan7@i+n
i = )

Gp—1

14
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and
_ biap—2i41) — an—1bipa
= b1 .

Ci

Then the number of sign changes in the first column gives the number of non-negative roots. For stability, all
the elements in the first column of the Routh array must be positive.
For example, for the system whose its characteristic polynomial is given by P (s) = ays* + a3s® + ags® +

a18 + ag, we have

aq a9 ao 0
as aq 0 0
azaz—asay azap—as X0 __
H4 — s ) a3 = Qo 0 0
(azaz—agai)a;—azag
a3a2—a4a1 0 0 0
ao 0 0 0

So the conditions that must be satisfied for stability of the given system as follows:
asz > 0,
asas — aqgay > 0,
(azaz — agay) a; — ajag > 0

and
ag > 0.

If these inequalities are satisfied, the system, which the characteristic polynomial P corresponds, is locally

asymptotically stable.

Now let’s talk more briefly about the Routh coefficients obtained for the characteristic equation being in
our study.
As in the proof of Theorem 5.1, for the characteristic polynomial P ()\) = A3 4+ C1A% + Co\ + Cs, the

Hurwitz coefficients are obtained as
Hy =0,

10y~ Cy

H
2 Cl )

and

C1C2—-C3 _
Ch Cl x 0 _

Hs = C1C2—Cs = Cs.

Cy

Where the coefficients C; are real constants for ¢ = 1,2, 3.
The Hurwitz coefficients obtained the Routh table for the characteristic polynomial in the form P (\) =
M+ O3 + Ca)\2 + Cs ) + Cy are as follows:

HIZCI)
C1Cy — C
H2: 1 él 3,
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% -0y C3H, — C3C,y

Hs = —
3 0105;03 H2
and
CyHs —0x H
H, = %XS =Cy.
3

For stability of the relevant systems firstly the coefficients C; and after H; must be positive.

7.2. Lyapunov functional technique and La’Salle invariance principle

Lyapunov functions are among the methods that may be used to prove the global stability of a system of
ordinary differential equations. This method, given by A. M. Lyapunov does not show how to find a Lyapunov
function V. Moreover the tricky part is that there is no systematic way to construct Lyapunov functions and
it generally requires deep efforts. The reader can review the references in [20] and [22] for details concerning
Lyapunov functional technique, La’Salle invariance principle and the other methods related to the stability of
nonlinear systems.

Consider the autonomous system
= f(x). (7.1)

where f: D — R" is a locally Lipschitz map from a domain D C R™ into R™. Suppose T € D is an equilibrium
point of 7.1; that is f (Z) = 0. Our goal is to charecterize and study the stability of Z.

Theorem 7.1 (Lyapunov’s direct method) Let T be an equilibrium point for 7.1 and D C R™ be a domain

containing T. Let V : D — R be a continuously differentiable function such that
V(Z)=0and V (z) >0 in D\ {Z}.

Then
(a) if V() <0 for all x € D, T is stable;
(b) if V(z) <0 for all z € DNAZ}, T is asymptotically stable;
(c) if V(z) >0 for all z € DNAZ}, T is unstable.

A function V satisfying the conditions of this theorem is called Lyapunov function. Theorem 7.1 allows

to determine the stability of the equilibrium point without explicitly solving the mentioned system.

Theorem 7.2 (La’Salle invariance principle) Let Q@ C D be a compact set that is positively invariant with
respect to 7.1. Let V : D — R be a continuously differentiable function such that 1% () <0 in Q. Let K be the

set of all points in Q0 where V (£) =0. Let M be the largest invariant set in K. Then every solution starting
in Q0 approaches M as t — oc.

7.3. Li-Muldowney technique

The definitions presented in the following part, which are well-known in the literature, are taken from [24] and
[30], which we have benefit a lot in this study.

16
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7.3.1. Lozinskii measure

Let || denote a vector norm in R™ as well as the matrix norm which it induces for n x n matrices. The

Lozinskil measure py, of a n x n matrix M with respect to the norm || is defined as

. [I+hM[-1
ue (M) = lim ===

For more details about Lozinskil measure, the reader can examine to the reference [8].

7.3.2. The second additive compound matrix

Let M be a linear operator on R" and denote its matrix representation with respect to the standard basis of
R™. Let A2R" denote the exterior product of R”. M induces canonically a linear operator M on A2R™ for
w1, us € R™, define M2 (uyAug) := M (uy) Aug +uy AM (uz) and extend the definition over A2R™ by linearity.

The matrix representation of M2 with respect to the canonical basis in A2R" is called the second

additive compound matrix of M. This is an (Z) X (Z

) matrix and for n = 2 and n = 3 we define,

respectively, as

2] _
M5y =trM
and
2] mi1 + Ma2 ma3 —mi3
Mg 3= m32 mi1 + mas mig
—m3i ma Ma2 + M33

7.3.3. A short brief of the approach suggested by Li and Muldowney by utilizing Lozinskii measure
and the second additive compound matrix

Let the map & — f (z) from an open subset ¥ C R™ to R™ be such that each solution z (¢) to the differential

equation
i=f(x) (7.2)

is uniquely determined by its initial value z (0) = z¢ and denote this solution z (¢, ) .

An equilibrium point T € ¥ of (7.2) is said to be globally asymptotically stable or simply globally stable
in U, if it is locally asymptotically stable and all trajectories in ¥ converge to 7.

Let J = Df (x) be the Jacobian matrix of f at 2 and assume that following two conditions are satisfied:

(LM1) System (7.2) has a unique equilibrium 7 in ¥,
(LM2) System (7.2) has a compact absorbing set UCu.
Consider a non-singular (Z) X (g) matrix-valued function  — A (x) which is a continuously differ-

n

2

entiable function in ¥ and a vector norm || on ]R( > . Also A™!(z) exists and is continuous for x € W. Let

17
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wr, be the Lozinskil measure with respect to |-| and the quantity gz is defined as

t
. 1
Gz = limsup | sup n

meup | sup ¢ [ o (B (@ (s.a0)ds | (7.3)

o€V

where

B=A;A7 4 AJPIA!

and JI? = Df (x)m = %[2} is the second additive compound matrix of J = Df (z) = 2L,

Oz
Under the preparations given in general terms here, the following important result for global stabilities

has been proved in [24] with theoretical details.

Theorem 7.3 Let ¥ be a simply connected region. Under assumptions (LM1) and (LM2), the unique equilib-

rium T of nonlinear dynamical system & = f (x) is globally stable in U if there exists a function A(x) and a

Lozinskit measure py, such that Gz defined in (7.3) satisfies gz < 0.

(1]

2]

3]

[4]
[5]

[6]

[7]
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