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Abstract: In this work we consider the periodic standing wave solutions for a Klein—-Gordon—Zakharov system. We find

the conditions on the parameters, for which the periodic waves of dnoidal type are linear stable/unstable.
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1. Introduction

In this paper we consider the following Klein—Gordon—Zakharov (KGZ) system

{ Upg — Uz + U + uv + BluPu =0 (1.1)

Vit — Ugz = %(|u|2)mm7

where f is a real parameter, u is a complex valued function and v is a real valued function. The system (1.1)
describes the interaction of a Langmuir wave and an ion sound wave in plasma [2, 7].

Theoretically and practically, existence and stability properties of standing wave are a relevant question.

Orbital stability of solitary waves for the KGZ system was studied in [8]. General abstract framework of
spectral stability to second order Hamiltonian systems have been developed in [1, 5, 6] recently. In [5, 6], the
stability problem of second order in time nonlinear differential equations on the hole line have been studied. The
authors applied the abstract results to the Boussinesq, Klein—Gordon, and Klein—-Gordon—Zakharov equations.

The question of stability in the periodic case is much more complicated. The spectrum of the linearized
operator, which depends on the choice of the function space, is well-known. The spectrum consists of the
isolated eigenvalues in the space of periodic functions, while the spectrum is continuous in the space of bounded
functions. The orbital stability of periodic standing waves for system (1.1) was considered in [3] in case of
B = 0. Using the theory developed in [5], the linear stability of periodic traveling waves for system (1.1) is
studied in [4] when 8 =0.

In this article, we investigate the linear stability of periodic standing waves of dnoidal type. For that
purpose, we use the theory developed in [6]. This theory requires some spectral information about the operator
of the linearization with the standing waves. The required spectral properties have been achieved by using

Floquet theory.
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This article is organised as follows. In Section 2, we construct periodic waves of dnoidal type for system
(1.1). In Section 3, we set up the linearized problem and consider the spectral properties of the operator of

linearization. In Section 4, we compute the index that give the condition for stability/instability.

2. Periodic standing waves

In this section we construct periodic waves of the form u(t,z) = e™“p(z), v(t,z) = 1 (z) for Klein-Gordon—

Zakharov system (1.1). Plugging in (1.1), we get the following system

{ —" oo+ eyt B’ =0 2.1)
—¢" = 5(¢*)" =0,

where 0 = 1 — w?. Integrating twice in the second equation of (2.1) and taking the constants of integrations to

be zero, we get ¢ = —2w?. Now, first equation in (2.1) is reduced to the equation
9 g 2‘)0

1
—" +op— <2 — 5) 0> =0. (2.2)
Integrating once the above equation, we get

1-28
LplQ: 1 <—§04+

4
172B0902+ 1a25)’ (2.3)

where a is a constant of integration. Hence, the periodic solutions of (2.3) are given by the periodic trajectories
H(yp,¢') of the Hamiltonian vector field dH = 0, where
1-2
H(z,y) =vy>+ Tﬁx4 — oz’
The level set H(x,y) = a contains two periodic trajectories if o > 0,1 —28 > 0,a < 0 and it is unique if a > 0.
Below we consider the case a < 0 and ¢ > 0, and § < % Denoted by g > ¢1 > 0 the positive solutions of

—p*+ 1f2ﬂop2 +a=0. Then ¢; < ¢ <o and the solution ¢ is given by

o(x) = podn(ax, k), (2.4)

40
4o 1.1 03— P2 203 — 1—2
2 2 2 0 1 B
— — /(= — = = . 2.5
05+ ©1 25’ o 1/2(2 B)eo, K s s (2.5)

Since the elliptic function dn has a fundamental period 2K (x), then the fundamental period of the solution
(2.4) is

where

_ 2K(k) [ Ver
27 = — ,TEI(M,OO>. (2.6)

Here and below K (k) and E(k) are, as usual, the complete elliptic integrals of the first and second kinds

in a Legendre form.
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3. Linearized equation

In this section we study the spectrum of linear operators arising in the linearization of system (1.1). We take

the perturbation in the form

u(t, x) = e (p(x) +p(t,2)), v(t,z) =9(@) +q(t, @), (3.1)

where p(t,z) is a complex valued function, ¢(t,z) is a real valued function and which are periodic with the
same period as waves. Plugging in the system (1.1), using (2.1), and ignoring all quadratic and higher order

terms yield the following linear equation for (p, q)

Pet + 2iwps + 0P — Paa + 0+ (—5 + 8)?p + 284> Rep = 0
— —YouR =0 (32)
Gt — Qoo — 5(2¢pRep)zz = 0.

To introduce the new function h with mean zero value, so that ¢(t,z) = h. (¢, ).

Pt + 2iwps + 0P = pug + hy + (=5 + B)p*p + 28¢p° Rep = 0 (3.3)
httm - hrxm - %(2@}2@?)11 =0. ’

Integrating by z in second equation and using that A is a function with mean zero value, we get

Pet + 2iwpy + 0P — Paw + @hy + (=3 + B)@?p + 280 Rep = 0 (3.4)
hit — hay — @' Rep — @Rep, = 0. ’

Splitting real and imaginary parts of complex valued function p as p = F +iG and h = R, allows us to rewrite

the linearized problem (3.4) as the following system

Fy —2wGy + 0F — Fup 4+ Ry + (—% 4+ B)p?F + 2B80*F =0
Git + 2wF, + 0G — Gup + (-1 + B)p*G =0 (3.5)
Ryt — Ryy — (PIF - (prL’ = 0.

Now we can write the system (3.5) as linearized problem below

F
Uy +2wJU, +HU =0, U=|R]|, (3.6)
G
where
00 -1 H A 0
J=10 0 0], H=|A* Hy O
1 0 O 0 0 Hs
and

Hy=-0?+o0+ (f% +3B)¢?, Hy = —0?
Hy = =07+ 0+ (=5 + B)¥?
A= 90817 A* = _@am - SD/'

Note that H is selfadjoint H* = H and J is antisymmetric J* = -7 .

Denote
_(H1 A
mo- (4,
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Now, we consider the spectral properties of the operator H on the L?[—T,T] with periodic boundary
conditions.
Proposition 3.1 For 28 # 1+ M(K)) where M (k) = % 2(21(2';)19((;)1”(22)7}222()"2(&) < 0, the selfadjoint operator H

has an eigenvalue at zero, which is simple. In addition, the unique (up to a multiplicative constant) eigenfunction

s given by

!
Uy = v or .
_%‘P2 + ﬁ f—T da

Proof Let (i;) be an eigenvector corresponding to a zero eigenvalue, that is H (g) = 0. In other words,

1
—f"Hof+ (=5 +38)p*f +pg =0

—-9" = (¢f) =0. (3.7)
Integrating the second equation in z implies that for some constant ¢y, we have
g =-¢f+c (3.8)
whence the equation for f becomes
3
—f"+of + (=5 +38)¢"f +cop = 0. (3.9)

We show that cg = 0 and then f = dy’ for some constant d. To that end, recall the defining equation for ¢,

differentiate it with respect to =, we get

3
"+ o + (—§ +3B)p%p’ = 0. (3.10)

We introduce the second order differential operator
2 3 2
= —8m+0+(—§+35)ap : (3.11)
Using that k2sn?(y) + dn?(y) = 1 and formulas (2.4) and (2.5), we obtain
L =-0240-3(8-1)pkdn?(az, k)

=a? [-02 + 6K%sn?(y, k) — (4+ K7)],
where y = azx.
It is well-known that the first five eigenvalues of A; = —85 + 6k?sn?(y, k), with periodic boundary

conditions on [0,4K (k)] are simple. These eigenvalues and corresponding eigenfunctions are:

vo =242k =21 — K2+ k%, @oly) =1— (1 + k> — V1 —k2+kY)sn2(y, k),
v =14k e1(y) = en(y, k)dn(y, k) = sn’(y, k),

vo = 1+ 4k?, pa2(y) = sn(y, k)dn(y, k) = —cn’(y, k),

vy =4+ k2, e3(y) = ( k)en(y, k) = —k~2dn/(y, k),

vy =24 2k2 + 2T — K2+ k%, ouly) =1 — (14 k2 + V1 — k2 + k) sn?(y, k).
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It follows that the first three eigenvalues of the operator L, equipped with periodic boundary condition on
[T, T] are simple and zero is the second eigenvalue with corresponding eigenfunction ¢’.

Now, in that ¢ L ker L form (3.10), we get

f=dy —coL™ (3.12)
and form (3.8), we have
g = —dpy' + co(pL tp +1). (3.13)
Integrating the above equation, we get
co({L Y, ) +2T) = 0. (3.14)

It remains to estimate (L™1p,¢). We do it by constructing of Green function for the operator L.

We have Ly’ = 0. The function

x 1 /
1/}(55) = Sol(m)/ S0/2(5) dS, ’ :;// ,Zf/

is also solution of Lt = 0. Formally, since ¢’ has zeros using the identities

=1

1 _ 1 9 sn(z,k) 1 _ 1 9en(z,kK)
CTLQ(y, H) B dn(ya H) ay Cn(ya H) ’ SnQ(ya H) B dn(yv ’%) 8y S?’L(y, ’%)
and integrating by parts we get
1 1 — 2sn?(ax, k) 9 1 —2sn?(as, k)
P(z) = o220 [ in(oz,r) aK sn(am,ﬁ)cn(am,ﬁ)/o st .
Thus, we may construct Green function
L= [ oo = i) [ 955+ Cpota),
0 0
where C is chosen such that L™!f is periodic with same period as ¢(z).
After integrating by parts, we get
B 2 T + 0 2
(L.0) = 7 0) + EEEE O 0y 1oy, (3.15)
We have
(0,0) = @z [E(r) — K(r)]
(0> ¥) = 558212 = K E (k) — 2(1 — 52) K (k)] (3.16)

12 2 _ 2
C, = *%(%W + M.

Finally, we get
b E?(k) — (1= k%) K?(k)

(L7Y, ) = 203K2 2(1 — K2)K (k) — (2 — K2)E(r) <
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Using (2.5), we get

(LY, ) + 2T = é [1M—(;,)8 +K(/<;)} .

If28#1+ 1\[2[((:)) , then the right side of the above equality is not zero, whence ¢y =0 and f = dy’.

Furthermore, ¢’ = —¢f and after integration, we get

g = —dp* + constant.

In the above equation, constant uniquely determined by the fact that g has mean zero value, and whence

o 12+1 T2d
9= Tur ) 2

Proposition 3.2 The operator H has the following spectral properties

1. Has negative simple eigenvalue

/

2 0
2. The kernel is two dimensional and spanned by U = -30%+ 7% ffT ©?dx | and Py = H—;” 0
0 2

Proof Not that o(H) = o(Hp) U o(Hs). From Proposition (3.1), we have that Hy has a one negative
eigenvalue, which is simple and kernel is one dimensional.

For the operator Hs we have
H, = az[—ag + 2k%sn?(y, k) — k?].

The spectrum of Ay = —85 +2k?sn?(y, k) is formed by bands [k?, 1]U[1 + k2, +00). The first three eigenvalues

and the corresponding eigenfunctions with periodic boundary conditions on [0,4K (k)] are simple and

€0 = k?, bo(y) = dn(y, k),
€1 = 1) el(y) = C’I’L(y,k),
e =1+k2 Oo(y) = sn(y, k).

It follows that zero is an eigenvalue of Hs and it is the first eigenvalue with corresponding eigenfunction
o().
Hence, n(H) =1 and dimKerH = 2, and Ur, s € Kerd. O

4. Stability
Note that we restrict our consideration to the Hilbert space L?[—T,T] x L3[-T,T] x L?[-T,T], where
L3[-T.T) = {f € L}[-T,T) : [1, fdz =0}.
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( wwt

Definition 4.1 We say that the standing wave solution @ = P, — @2) is linear unstable, if there exists a

2T periodic function 1/7 € D(H) and A : RA >0, so that
A2 4 20T 1 + Hip = 0. (4.1)
Otherwise, we say that ¢ is stable.

Next, we give precise statements of the results in [6]. Let L? = X+ @& X~ so that H acts invariantly
on both X* and J : X* — X¥. We have a number of eigenvectors in the kernel of H and 1;1 € X+t and

1/72 € X~ . Moreover, we have the following assumptions:

Hu = Hu, H* = H, (4.2)

Tu=J4,T" =T, (1, ) =0,T(H +1)~" € B(L?). (4.3)
In addition to (4.2) and (4.3), we assume the following for the spectrum of H
Ho=—0%0,H |4+ 0

Ker[?—l] = span[w1,¢2] (4.4)
1€ Xt by € X~

The following theorem is proved in [6].

Theorem 4.2 Let ‘H be a selfadjoint operator on a Hilbert space H . Assume that it satisfies the assumptions
(4.2), (4-3), and (4.4).
Then, if (H™1[Ta], Tia) > 0, one has a solution of to (4.1), that is instability in sense of Definition

J.1. Otherwise, supposing that (H= [T ], [Ta]) <0
e the problem (/.1) has solution, if w satisfies the inequality

1
2\/ “UTPa), [T o))

= 2" (H) (4.5)

e the problem (4.1) does not has solutions (i.e. stability), if z satisfies the reverse inequality
|z] > 2" (H) (4.6)

Theorem 4.3 If 25 > 1+ AI;.[((:)) , then periodic waves @ are unstable. If 25 < 1+ Alg((:)) , then periodic waves

are unstable for |w| < ,/m and stable if |w| > ,/m, where

2(2 — k2K (k) M (k) .
E(r) [M + K(n)]

N(k)=-—
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- R o
Proof We have Jiy = i 0 . Thus, (¥1,JY2) = 0. Obviously, assumptions (4.2) and (4.3) are
[l 0

satisfied. From Propositions (3.1) and (3.2), we have that operator H satisfies the assumption (4.4). It remains

to estimate the index (H1[J 4], [Ta]).

S —p
Let H| g | = 0 . Thus
h 0

"+ of+ (=3 +38)¢*f +9g = —¢
—pf—¢'f—g"=0 (4.7)
Hih =0.
We need to find only f. From the second equation of (4.7), we have ¢"” = —(¢f)’. Integrating, we get
g =—of e, (4.8)

where ¢; is a constant of integration. Plugging in the first equation of (4.7), we get

—fwmf—<z—w)&f=—m¢—w (4.9)
or
Lf=—1+4+c)e. (4.10)
Hence
f=d¢ —(1+c1)L b (4.11)

Now, replacing in (4.8) and integrating, we get

(L7'p,0)

__ . 4.12
“ (Lo, ) +2T (4.12)
We have
T 2 K(r) 2
2 2
loll? = [ (o, mdo = 220 [y, )y = 222 ).
T (0% 0 o
Finally, from (4.11) and (4.12), we have
_ - 7z 1+c ) (L o,0) LYo,
(H 1[J1/12]7 [J1/12]> = ! 1\)\20||2 2:8) = (Lflffo>+2T< H@ﬁf)
(4.13)
_ l2(271{2)K(n) M (k)
o E(k) [i\{(ﬁ)_,’_K(R)] .

28

If 28> 1+ 1\121((:)) , then (H 1T a], [Ts]) > 0 and hence we have instability.

If 28 <1+ ]‘Ig((:)), then (H1[T4s],[Tth2]) < 0 and hence we have instability if |w| < ,/m and
stability if |w| > ,/m. O
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