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Abstract: In this paper, we study some conditions about invertible and Fredholm truncated Toeplitz operators which
have unique symbols. For f € L, if Ay is a Fredholm operator, then f|g # 0 for any E C T with |E| > 0. Moreover
ind (Ay) = 0. In particular, if Ay is invertible in £(K2), then f is invertible in L°°. Besides, we give some results
about the kernel spaces of truncated Toeplitz operators. For f € L° | we obtain the necessary and sufficient condition

that the defect operator I — A} Ay of truncated Toeplitz operator Ay meeting some conditions is compact on the model

space K2.
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1. Introduction
A fundamental problem in the theory of linear operators is that the existence and uniqueness of the solution to
the equation

Tz =a, (1.1)

where T is a linear operator acting on a space H which contains z and a as elements. When H is a complex
Hilbert space, the operator T is a linear operator acting on some domain D(T) in H and having a range in
H. It is obvious that the solution of (1.1) is unique if and only if the equation Tz = 0 has only the trivial
solution = 0. Further, if 7" has a closed range, then there exists a solution of (1.1) if and only if (y,a) =0,
where a is any solution of T*y = 0 and T* denotes the adjoint of T'. Moreover, if T is a Fredholm operator,
then the solvability of Equation (1.1) for a given a is equivalent to determining whether a is orthogonal to the
finite dimensional subspace ker T*. Lastly, the space of the solutions of Equation (1.1) is finite dimensional.
These results suggest the importance of investigating the Fredholm operators.

For a Hilbert space H, let £(H) be the set of all bounded linear operators and £&€(H) be the set of
all compact operators. We use ker T' and ran T to denote the kernel space and range of T', respectively. The
dimension of the set E is denoted by dim (F). We use clos [E] to denote the closure of the set F.

Definition 1.1 If H is a Hilbert space, then the quotient algebra £(H)/LE€(H) is a Banach algebra called the
Calkin algebra. The natural homomorphism from £(H) onto £(H)/LE(H) is denoted by w. Then T € £(H) is
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a Fredholm operator if m(T') is an invertible element of L(H)/LE(H). The spectrum of n(T) in L(H)/LE(H)
for T in L£(H) is called the essential spectrum of T and is denoted by o.(T). The index of T is defined as
dim (7') = dim ker T' — dim ker 7™, written as ind (T).

The set of all Fredholm operators is invariant under compact perturbations. Namely, some properties of
a Fredholm operator T can be possessed by the properties of 7'+ K for every K in £&(H). The following

theorem contains the usual definition of Fredholm operators.

Theorem 1.2 (Atkinson) If H is a Hilbert space, then T € £(H) is a Fredholm operator if and only if the

range of T is closed and the dimensions of ker T' and ker T are both finite.

In this paper, we study the Fredholm operators on the Hardy spaces. Let I denote the open unit disk
in the complex plane C and T denote the unit circle. Denoted by L? = L?(T,dm) the Hilbert space of square
integrable functions on T with respect to the Lebesgue measure, normalized so that the measure of the entire
circle is 1. Let L™ be the space of the essentially bounded functions on the unit circle. The Hardy space H?
denotes the Hilbert space of all holomorphic functions in D having square-summable Taylor coefficients at the
origin, and it will be identified with the space of boundary functions, the subspace of L? consisting of functions
whose Fourier coefficients with negative indices vanish. Let H° denote the space of all bounded holomorphic
functions in D and C(T) denote the space of all continuous functions on T.

Every function in H?, other than the constant function 0, can be factorized into the product of an
inner function and an outer function. An inner function is a function u € H> such that |u(e??)| = 1 almost
everywhere with respect to the Lebesgue measure. The function F' € H? is an outer function if F' is a cyclic
vector of the unilateral shift S. That is, \/SO{SkF } = H?. For more properties about Hardy spaces, we can
refer to [17].

By Beurling’s theorem [1], it is well known that the invariant subspace of the unilateral shift operator
Sf = zf on H? has the form uH?, where u is an inner function. It is easy to check that K2 = H? © uH? is
the invariant subspace of the backward shift operator S* on H?, which is called the model space. Let P denote
the orthogonal projection from L? onto H? and P, denote the orthogonal projection from L? onto K2. For

¥ € L™, the Toeplitz operator T, induced by the symbol 1 is defined on H? by

Tyg = P(yg), g € H>.

Obviously, T, = Ty Toeplitz operators acting on H? have very simple and natural matrix representation via
infinite Toeplitz matrices that have constant entries on the diagonals parallel to the main one. For ¢ € L,

Hankel operator H, induced by the symbol ¢ is defined on H? by
Hyg = (I - P)(vg), g € H*.

It is easy to check that Hjh = P(yh) for h € L? © H?. The compressions of Toeplitz operators on K2 are

called truncated Toeplitz operators, which are defined by

Apf=P,(Wf), fe K2

The function ¢ is called the symbol of Ay. Clearly, A}, = AE'
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Truncated Toeplitz operators represent a far reaching generalization of classical Toeplitz matrices. Al-
though particular case had appeared before in the literature, the general theory has been initiated in the seminal
paper [20]. Since then, truncated Toeplitz operators have constituted an active area of research. We mention
only a few relevant papers [2, 11, 18] and so on. On the operator theory level, Nagy shows that A, is a model
for a certain class of contraction operators [19]. Every contraction operator 7' on the Hilbert space H having

defect indices (1,1) and such that lim T*" = 0 (SOT) is unitarily equivalent to A, for some inner function
n—oo

u, where SOT denotes the strong operator topology. Thus, the research on truncated Toeplitz operators is of
representative significance.

In [9], the author proves that if f isin L such that Ty is a Fredholm operator, then f is invertible in
L% . Moreover, if f € H> | then T} is invertible in £(H?) if and only if f is invertible in H°°. In this case,

o(Ty) = clos [G(f)(D)];

where G(f) is the Gelfand transform of f. If f belongs to C(T), then T} is a Fredholm operator if and only
if f does not vanish. In this case, ind (T%) is equal to the negative winding number of the curve traced out by
[ with respect to the origin. In addition, if f is in H> 4 C(T), then T} is a Fredholm operator if and only if
f is invertible in H* 4+ C(T). The Fredholm properties of Toeplitz operators have many characterizations, see
[9], but there are very few results for Fredholmness of truncated Toeplitz operators.

For f € H*®, Ay is defined on K2 for some inner function u. It is well-known [6] that

o(Af) = {A eC: inf(ju(=) + |f(z)  Al) = o} = f(o(4.).

For f € H>® + C(T), in [3], we know that

ouldp) = {Xe €ty it ()] +172) - A) = 0f = flou(4.)

z€D |z|—1

where f denotes the Possion integral of f. We can refer to [6] for more results that A, is invertible in

£(K2) for f € H*®. In [7], the authors show that asymmetric truncated Toeplitz operators are equivalent
after extension to Toeplitz operators with triangular symbols of a certain form and give some description about
the kernel of asymmetric truncated Toeplitz operators with analytic. In [8], using truncated Toeplitz operators
equivalence after extension to Toeplitz operators with 2 x 2 matrix symbols, the authors establish Fredholmness
and invertibility criteria for truncated Toeplitz operators with u-separated symbols.

From the view of symbols of truncated Toeplitz operators, it is more difficult to find criteria for invertibility
of truncated Toeplitz operators with nonanalytic symbols. In our paper, we characterize the Fredholm truncated
Toeplitz operators by the properties of the symbol functions. In addition, from their own properties of model
spaces and truncated Toeplitz operators, some description of kernel spaces of truncated Toeplitz operators are
given.

The paper is organized as follows: In Section 2, we recall some necessary definitions and properties about
model spaces and truncated Toeplitz operators. In Section 3, we give some results about the kernel spaces of
truncated Toeplitz operators. In Section 4, under the condition that truncated Toeplitz operators have unique

symbols, we study the sufficient condition or necessary condition about invertible truncated Toeplitz operators
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Ay for f € L. In addition, we also get the necessary and sufficient conditions about the quasinilpotent
truncated Toeplitz operators and positive truncated Toeplitz operators. In Section 5, for w(0) = 0 and
f € (K2 +K2)NL>, the necessary condition is obtained for A; to be Fredholm. In Section 6, for f € L>, we

provide the necessary and sufficient condition that the defect operator I — A;ZA ¢ of truncated Toeplitz operator

Af meeting some conditions is compact on the model space K2.

2. Preliminaries
In this section, we introduce some basic properties of truncated Toeplitz operators. The reproducing kernel of

1(2

u

at A € D is the function K}(z) = % As is well known that K2 carries a natural conjugation C,

antiunitary, involution operator, defined by C'f = zfu, for f € K2. We have that

R () = (CK3)(z) = W),
which is the conjugation reproducing kernel of K2 at A € D. That is, f(A) = (Cf)(\) = (@7 f) for fe K2.
A bounded linear operator A on K2 is called C-symmetric if CAC = A*. Garcia and Putinar introduce some
properties of C'-symmetry in [12] and they show that all truncated Toeplitz operators are C'-symmetric. About
more complex symmetric operators can be found in [13].

Bounded truncated Toeplitz operators may be have some unbounded symbols. Sarason gave an example
in [20]. Moreover, the symbols of truncated Toeplitz operators are not unique. For f € L2, Sarason in [20]
proved that A; = 0 if and only if f € uH? +uH?2. If u(0) = 0, then A; has a unique symbol in K2 + K2. In
our paper, we mainly consider truncated Toeplitz operators defined on infinite dimensional model spaces which
have unique symbols.

The set of all bounded truncated Toeplitz operators is denoted by ¥,,. For a € D, let ¢, be the M 6bius

z—a
l—-az"

The Crofoot transform is the unitary operator J: K2 — K2 defined by

transform ¢, (z) = G0

1 - |af?

Jf=Y——"y

1—au

It is proved in [20] that JT,J* = Ty, on. If ©(0) = a # 0, then (pqo0u)(0) =0 and ¥, is unitarily equivalent to

Tou- Hence we may assume that «(0) = 0 when we consider the properties of truncated Toeplitz operators.

3. The kernel spaces of truncated Toeplitz operators

The kernel spaces of truncated Toeplitz operators are crucial in studying Fredholmness, but the kernel spaces
of truncated Toeplitz operators are complicated. In this section, we introduce some results about kernel spaces

of truncated Toeplitz operators.

Proposition 3.1 Let u be a nonconstant inner function and K2 be the model space. If vi and vy are inner

functions and f = vivs, then

ker Ay :@(ule2 @Kfl) NnK2
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Proof Denoted by F = 73 (uv1H2 o K?

v1

) N K2. For any g € ker Ay, we have that 0 = A;g = P, (v1v29).
This implies that v7veg € uH? + zH?2. There exist h, ¢ € H? such that T7veg = uh + zp. That is,

v9g = viuh + vV1ZQ.
By Kgl =vzH?2N H?, we obtain that V1ZP € Kfl and p € Kgl. Since viuH? C v; H?, we have that
viuH? 1 Kgl.
Thus g € ' and ker Ay C E.
For any v € E, there exist ¢ € H? and 7 € K7, such that ¢ = v3(viup + v177). It follows that
A = Py, (TrvaU2(viug + v127)) = Py(up +z7) = 0.

Thus ¢ € ker Ay and E C ker Af. The proof is completed.

O
For h € H*, we already know the kernel space of Aj, see in [22]. In the following, for f € L* but

f ¢ H*, we give some descriptions about the kernel space of Ay. We need the following preliminaries.
For z, y € H*™, we use GCD(z, y) to denote the greatest common divisor of I, and I,, where I,

denotes the inner part of x, which is defined up to a constant. The following lemmas come from [14].

Lemma 3.2 If f, g € L™, then either ker HyHy = ker Hy or ker HyHy = ker Hy.

Lemma 3.3 If f is in L™, then ker Hy # {0} if and only if f is of the form 0b, where 0 is some inner
function and b € H* such that GCD(0, b) is a constant.

For f € L*°, by P, = P —uPu = Pu(I — P)u, we have that
Ay = P,fP, = Pu(I — P)ufPu(l — P)i = HHy; HiHy. (3.1)

In terms of (3.1), the kernel spaces of truncated Toeplitz operators are closely related to the kernel spaces of

Hankel operators. By P,|g2 = HxHy, we get that
ker Ay =ker H: Hyy N Kﬁ

By Lemma 3.2, we obtain that either
ker H;Hﬁf = ker Hﬂf,
or
ker Hy;Hy = ker Hy = uH>.

Suppose that ker HZ Hy 2 ker Hyz. We have that
ker Ay = ker HiHyp N K2 =ker Hgp N KZ.

Then, by Lemma 3.3, we will get some descriptions about the kernel space of truncated Toeplitz operators. In

the following, we give the necessary and sufficient condition such that ker H;ng 2 ker Hy.
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Lemma 3.4 Let u be a nonconstant inner function and K2 be the model space. If f is in L™, then
ker T N K2 = {0} if and only if ker HHy = ker Hg = uH?.

Proof Suppose that ker H7Hy = ker Hy = wH?. We have that

H  Hag # 0, (3.2)

u

for any g € K2. Since model spaces have an antiunitary operator C, there exists a function ¢ € K2 such that

g=Cv =uxp.

Then

u

HyyHog = Hip(I - P)(@us) = Hyp20 = P(uf20) = Trg. (3.3)

By (3.2), we get that T5g # 0 for any g € K?2. Thus
ker T N K7 = {0}. (3.4)

Next we prove the necessity. It is obvious that uH? C ker HZ s Hy. For any h ¢ uH? but h € H?, there
exist n #0 € K2 and ¢ € H? such that h =7 + up. Then

HpHyh = Hzp Ha(n + up) = Hy p Hyn.

u

By (3.3) and (3.4), we conclude that Hy Hzn # 0. It follows that h ¢ ker H Hz. Thus ker Hy Hy C uH?.

The proof is completed.
O

Remark 3.5 From Lemma 5.4, we have that ker TF N K2 # {0} if and only if ker H Hy O ker Hy = uH?2.

Lemma 3.6 If u and 6 are nonconstant inner functions with GCD(u, 6) =v # ¢ and u = vuy, then

K2NOH? CoK?

wuy?
where v and uy are inner functions and c is a constant.

Proof For f e K;NOH?, there exists h € H® such that f = 6h. By u = vuy, we have that K} = K GvK, .
There exist g € K} and g, € K. such that

f=0h=g+vg. (3.5)

By GCD(u, ) = v, we get that § = vf;, where 6; is an inner function. Then, by (3.5), vé1h—vg; = g € vH>.
By vH? 1 K2

v

we obtain that ¢ =0 and f =vg € vKgl. The proof is completed.
O

Remark 3.7 If GCD(u, 0) =0 and u = 0uy, then K2NGH? = 0K2 . Furthermore, 0K2 is an invariant
subspace of A, defined on K2.
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Proposition 3.8 Let u be a nonconstant inner function with u(0) =0 and K2 be the model space. Suppose
that f = f1 + fo € (K2 4+ K2)(\L>®, where f1 and fo belong to K2 with f1(0) =0 and f, #0. If
ker Ty N K7 # {0},

then there exist an inner function x and n € H*® with GCD(xz, n) = ¢ and GCD(x, u) = v # ¢ such that
f=mun and fo € K2. Moreover,

2 2 2 2
{0} #ker Ay =ker Hzy N K, =xH N K, CvK ,

and
ker Hy N K = {0},

where v and uy are inner functions with v = vu; and c is some constant.

Proof By ker TF N K2 # {0}, there exists g # 0 € K2 such that T7g = 0. That is, fg € zH?. There exists

y # 0 € H? such that fg = zy. Since model spaces have an antiunitary operator C, there exists ¢ # 0 € K2
such that g = Ct = uz1). Then
fg9=futp =7g.
That is, ufy =y € H%. Moreover, Hy ) = (I — P)(ufy) = 0. This implies that
ker Hzp N K2 # {0}. (3.6)
By Remark 3.5, we have that ker Hngg D ker Hz. Then, by Lemma 3.2,
ker HZHyy = ker Hyy. (3.7)
In terms of (3.1), (3.6) and (3.7), we get that
ker Ay = ker HiHyy N K2 = ker Hyy N K2 # {0}.
By (3.6), we conclude that
ker Hgs # {0}.

By Lemma 3.3, there exists an inner function z and n € H>® with GCD(z, n) = ¢ such that ker Hgzy = xH>
and uf = Zn, where c is a constant. Thus,

[ =zun, (3.8)
and

ker Ay = ker Hyy N K2 = xH?* N K2 # {0}. (3.9)

By Lemma 3.6, we obtain that ker Ay = 2H? N K. C vKZ . By (3.8), we have that
xf = un. (3.10)

In terms of f = f1 + fo, we get that zf; + xfy = un. That is, zfo = un — xf; € H?. Since u(0) = 0 and
f1(0) = 0, we obtain that
x2fo = Zun — Zxf, € H?.
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This implies that fo € K2. By fa # 0 € K2, we have that K2 N K2 # {0} and GCD(z, u) = v, where v is a
nonconstant inner function.

Since ker Ay = C'(ker Ay), we get that ker Ay 7 {0}. Then, by (3.1) and (3.9),

ker Az = ker HrHyz N K} = C(zH? N K}).

For any zh # 0 € zH? N K2, we conclude that C(xh) = uzzh. Then, by (3.10),

Ho7(uzah) = (I — P)(Fzah) = (I — P)(uzhy) = uzh # 0. (3.11)

In terms of ker Hz C ker HZH 5, we get that
ker H 7z N K, Cker HrH N K} = C(zH* N K7).

Thus, by (3.11), ker H 7N K2 = {0}. The proof is completed. O

Remark 3.9 1. In fact, for f € (K2+K2)(L>, ker T, ker Hyy and ker Ay have the following relationship:
ker TF N K2 # {0} = ker Hy; N K2 # {0} = ker A; # {0},

and
ker Aj = {0} = ker Hyy N K} = {0} = ker Ty N K, = {0}.

2. In [4], it is well known that f = gh where g, h € H>® if and only if fT log|f|dm > —oo. Under
conditions of Proposition 5.8, we have that f = Tun. That is, log|f| € L*.

By (3.1), truncated Toeplitz operators are associated with Hankel operators. The truncated Toeplitz
operators are compressions of Toeplitz operators. From this, the kernel spaces of them must have some

relationships. We use |E| to denote the Lebesgue measure of measurable set F.

Proposition 3.10 Let E be a measurable subset of T with 0 < |E| < 2w. For f € L™ with f # 0 and
fle =0, if v € L>® is invertible in L, then the following hold.

(1) ker T,y = ker Toz = {0}. In particular, ker Ty = ker T = {0} ;

(2) ker Hyy = ker Hyz = {0}. In particular, ker Hy = ker Hy = {0};

(3) ker Hj, = ker H::T = {0}. In particular, ker H} = ker Hfi ={0};

(4) Let u be a nonconstant inner function and K2 be the model space. If ker Ay # {0}, then
ker Ay = {g€ K2: Hgpg € uzH2}.

Proof (1) For any ¢ € ker T,y C H?, we have that 0 = T,7¢ = P(vfp). Then vfp € zH?, and there exists
h € H? such that vfy = zh. By f|g =0, we get that

v(e?) f(e?)p(e”) = ePh(e?) = 0,
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for any ¢’ € E. Thus h = 0 on E with |E| > 0. By F. and M. Riesz theorem, we have that » = 0 and vfy = 0.
Since v is invertible in L, we obtain that fo = 0. By f # 0 and ¢ € H?, we conclude that ¢ = 0 and
ker T,y = {0}. We can get that ker 757 = {0} by the same way.

The proofs of (2) and (3) are similar to (1).

(4) For any g # 0 € ker Ay, we have that A;g = P,(fg) = 0. Suppose that fg € uH?. There exists
h € H? such that fg = uh. Then ufg = h € H?. This implies that Hzrg = (I — P)(ufg) = 0. Since u is
invertible in L*°, we get that ker Hyzy = {0}. This is a contradiction. Thus fg ¢ uH?. Since

0=Arg = Pu(fg) = P(fg) —uP(ufyg),

for g € ker Ay, there exists z # 0 € H? such that fg—uP(ufg) = zz. This implies that ufg— P(ufg) = uzz.
That is, Hgrg € uzH?. Thus ker Ay = {g € K2: Hysg € uzH?}. The proof is completed.

O
The Coburn theorem states that ker Ty = {0} or ker T} = {0}. In the following, we give the sufficient

condition such that ker Ay = {0}.

Proposition 3.11 Let u be a nonconstant inner function and K2 be the model space. If f belongs to L™ and
f>0 but f#0, then ker Ay = {0}.

Proof For g € ker Ay, we have that Arg = 0. Then

27

0="(Arg,9) = (fg.9) = ; flgl?dm. (3.12)

By f >0, (3.12) can be written as 0 = 02Wf|g|2dm = OQW |f2g[2dm = ||f2g||2. This implies that fzg = 0.
By f#0 and g € H?, we get that g = 0 and ker Ay = {0}.

4. Invertible truncated Toeplitz operators

The invertible operators are special Fredholm operators. In this section, we introduce the invertibility of
truncated Toeplitz operators. Basic definitions and properties of invertible operators can refer to [5, 9].

For the Banach algebra B8 and a € B, we use o(a) and 7(a) to denote the spectrum and spectral radius
of a, respectively. In particular, for f € L*°, the spectrum o(My) of the multiplication operator M} is closely
related to the the essential range R(f) of f. The following lemma comes from Corollary 4.24 in [9].

Lemma 4.1 If f € L*°, then o(My) = R(f).
For operator algebra £(H), the invertibility of T' € £(H) has the following property (see [9] Proposition 4.8).

Lemma 4.2 If T is in £(H), then T is invertible in L(H) if and only if T is bounded below in H and has a

dense range.

In the following, we give the necessary condition for invertibility of Ay.
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Proposition 4.3 Let u be a nonconstant inner function with u(0) = 0 and K2 be the model space. For

fe(K2+K2)NL>®, if Ay is invertible in £(K2), then f is invertible in L™ .

Proof By Lemma 4.1, we only need to show that My is invertible in £(L?). Since Ay is invertible in £(K?2),
there exists € > 0 such that ||Asg|| > ¢||g||, for g € K2. Then, for each n € Z and g € K2,

[My2"g|l = [I£2"gll = I fall = 1Pu(FO)l = 1Azl = ellgll = ellz"g]-

Since the set {z"h: n € Z, h € K2} is dense in L?, it follows that M/ is bounded below in L?. Similarly,
since Ay = A} is invertible in £(K?2), we have that Mz is bounded below in L?. Then Mz is one-to-one.

Moreover,

clos [ran Mj] = (ker MT)L =12

Thus, by Lemma 4.2, My is invertible in £(L?). The proof is completed.
O

Remark 4.4 From Proposition 4.5, if the symbol f is not invertible in L*, then Ay must not be invertible in
£(K2). Moreover, if flg =0, then Ay is not invertible in £(K2), where E is a measurable subset of T with
0<|E|<2m.

By Proposition 4.3, when the truncated Toeplitz operator is invertible in £(K?2), we have that the symbol
is invertible in L°°. In the following, we explain that the condition may be not necessary and sufficient. If f
belongs to C(T) and f is invertible in C(T), we have that A; is a Fredholm operator. The following lemma

comes from [11].

Lemma 4.5 Let u be an inner function. For f, g € C(T), if Ay and Ay are truncated Toeplitz operators on
K2, then AyA, — Ay, is compact.

Proposition 4.6 Let u be a nonconstant inner function and K2 be the model space. For f € C(T), if f is

invertible in C(T), then Ay is a Fredholm operator.

Proof Since f is invertible in C(T), there exists g € C(T) such that fg = 1. Then A, = I. By Lemma
4.5, we have that I —AyA; = Apg — AyAy and I — AjAy = A — AygAs are compact. Thus Ay is a Fredholm
operator. O

Corollary 4.7 Let u be a nonconstant inner function with u(0) = 0 and K2 be the model space. If f is an
outer function in K2 H*, then the following are equivalent.

(1) Ay is invertible in £(K2);

(2) f is invertible in L*;

(3) f is invertible in H* ;

(4) Ty is invertible in £(H?).
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Proof For f € H*>, (3) is equivalent to (4). (See [9] Proposition 7.21). If f is an outer function, (3) is
equivalent to (2). (See [9] Proposition 6.20). By Proposition 4.3, we only need to show that (2) = (1). Suppose
that f is invertible in L°°. There exists ¢ € L such that ¢f = 1. Since f is an outer function, we have that
¢ is analytic. Thus ¢ € H>. Then AfA, = A,A; = Ay, = I. This implies that A is invertible in £(K?2).
O

Remark 4.8 The function f is invertible in H* if and only if Ty is invertible in £(H?). Hence, for f € H*,
that Ty is invertible in £(H?) implies that Ay is invertible in £(K?2). Moreover, o(Ay) C o(Ty). Conversely,
for f € H>®, if Ay is invertible in £(K2), we may not get that T is invertible in £(H?). For example:

Example 4.9 If f # c isin H* and u= {=- for a € D, where c is a constant. Since

o(Af) = f(o(Az)) = f(a) and o(Ty) = clos [f(D)],

we have that
fla) =0(Ay) C o(Ty) = clos [f(D)].

This implies that Ty may be not invertible in £(H?) when Ay is invertible in £(K2).

Corollary 4.10 Let u be a nonconstant inner function with u(0) =0 and K2 be the model space. If f is in

(G + K2) L™, then R(f) = o(My) C o(Ay).

Proof Since Ay — A= A;_, for A € C, by Proposition 4.3, we get that o(M;) C 0(Ay). By Lemma 4.1, the

proof is completed. O

Corollary 4.11 Let u be a nonconstant inner function with u(0) = 0 and K2 be the model space. For

fe(K2+K2)NL>®, if Ay is quasinilpotent, then Ay =0.

Proof If Ay is quasinilpotent, then o(Ay) = {0}. By Corollary 4.10, it is easy to get that Ay = 0.

O
Corollary 4.12 Let u be a monconstant inner function with u(0) = 0 and K2 be the model space. If
fe(K2+K2)L>®, then Ay is a self-adjoint operator if and only if f is a real-valued function.
Proof By Corollary 4.10, the proof is obvious. O

Corollary 4.13 Let u be a nonconstant inner function with u(0) = 0 and K2 be the model space. If f is in

(K2 +K2)N\L>®, then |As]| = || f]loo -

Proof By Corollary 4.10, we obtain that r(Ay) = sup{|A| : X € a(Af)} > sup{|A| : A € R(f)} = || flloo-
Since [|Af[| = r(Ay), we have that || fllec > [[Af[| = 7(Af) = [|flloc. Thus [|Af]| = [[f]loo-

O

Corollary 4.14 Let u be a monconstant inner function with u(0) = 0 and K2 be the model space. If

fe(K2+K2)L>®, then Ay is positive if and only if f is nonnegative.
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Proof If Ay is positive, then the spectrum of A is nonnegative. By Corollary 4.10, we have that the essential
range of f is nonnegative. Then f is nonnegative.

If f is nonnegative, then

(Arg.9) = (fg.9) = (f/%g, f?g) = | f/%g|* > 0,

for g € K2. Thus Ay is positive. O

We discuss the necessary condition that Ay is invertible in £(K2). In the following, we give a sufficient

condition that Ay is invertible in £(K?2).

Proposition 4.15 If f is invertible in L and its essential range is contained in the open right half-plane,
then Ay is invertible in £(K2).

Proof Since f is invertible in L°  we have that 0 is not in R(f). If essential range of f is contained in the
open right half-plane, then there exists d > 0 such that

R(f)={0z: zeR(f)} C{weC: |w—-1] <1}
We conclude that |6z — 1| < 1. By simple calculation, we get that aR(f) — 8 = R(af — 8). Then
10f = 1llooc =sup{|A| : A€ R(0f —1)} =sup{|dz—1]: 2z € R(f)} < 1.

Thus ||I — Asf|| <1, and Asp = §A; is invertible in £(K2). The proof is completed.

5. Fredholm truncated Toeplitz operators

In this section, for f € L*°, we study the necessary condition that Ay is a Fredholm operator. If M is a closed
linear subspace of the Hilbert space H, for h € H, the distance between h and M is defined as

d(h, M) = inf{|h —m||, m € M}.
The following definition and theorem comes from Definition IV.1.3 and Theorem IV.1.6 in [15], respectively.

Definition 5.1 Let A be a linear operator with domain in normed linear space X (not necessarily dense in X )

and range in normed linear space Y , and ker A is closed. The minimum modulus of A is defined by, written
as A(4),

v(A) = inf{(m, T € D(A)},

where 0/0 is defined to be oo, and D(A) denotes the domain of A.

Theorem 5.2 Let X and Y be complete spaces and A be closed operator. Then A has a closed range if and
only if v(A) > 0.

Remark 5.3 If T is a bounded linear operator on the Hilbert space, then T is closed. Thus, Theorem 5.2 can

apply to bounded linear operators.
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The following lemma can be found in [21].

Lemma 5.4 If T isin £(H) and ker T = {0}, then the range of T is closed if and only if T is bounded below
in H.

Theorem 5.5 Let u be a nonconstant inner function with w(0) = 0 and K2 be the model space. For

fe(K2+K2)NL>®, if Ay is a Fredholm operator, then f|p # 0 for any E C T with |E| > 0. Moreover,
ind (Af) = 0.

Proof First consider the case where ker Ay = {0}. By CAyC' = A}, we obtain that ker A} = C(ker Ay) = {0}.

Since Ay is a Fredholm operator, we have that A has a closed range. Then

ran Ay = clos [ran Ay] = (ker A’})L = K2,

Thus Ay is invertible in £(K?2). Then, by Proposition 4.3, f is invertible in L. Therefore f|g # 0 for any
E C T with |E| > 0.

Now consider the case where ker Ay # {0}. Suppose that there exists a measurable subset Ey C T' with
|Eo| > 0 such that f|g, = 0. By Proposition 3.10, we have that

ker Hgy = ker H 7 = {0}. (5.1)

In addition,
Apg = Pu(fg) = Pu(l — P)(ufg) = HyHzyyg,

and H:zg = P(uzg) = Cg for g € K2. By zH? = uzH? @ 2K2 and ker H: = uzH?, we get that
[ Hzzgll = [ P(uzg)|l = [|Cgll = llg]l = llzgl,
for g € K2. Thus Hj is a partial isometry. Then
[ Hargll = | HgHargll = | Argl, (5.2)

for g € K2. By (5.1), we obtain that
(g, ker Hag) = |gl. (53)

For g € K2 but g ¢ ker Ay, there exists a constant o with |o| = 1 such that ag L ker A;. Then, by
the Pythagorean theorem,

lag = ll* = lagl* + lell* = llgl* + ¢,
for ¢ € ker Ay. Thus

d(og, ker Ag) = inf{[lag — ||, ¢ € ker Af}

inf { /g7 + [9I%, @ € ker 47}

inf {|lg], € ker Ay}

Y%

= gl
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Then
1 1
< . 5.4
dlog, ket A7) = Tl (5:4)

By (5.2), (5.3) and (5.4), we have that

[Hupagl o [lAsag|
lagll  — d(ag, ker Af)’

for g € K2 but g ¢ ker Ay. Let

Hy
ﬁ:inf{”af;ﬂg”, g€ K2 andg¢kerAf}.
We conclude that

A9l

2
g, or A;)’ g€ K; and g ¢ ker Af} . (5.5)

ﬂzinf{

Since Ay is a Fredholm operator, we get that the range of Ay is closed, and the dimensions of ker Ay and
ker A% are finite. Then, by Theorem 5.2,

. [ Argll 2
Af)=inf § ——— K 0.
V(4) = in {d(g’ wor A7) 9 €y >
If g € ker Ay, then
|Aggll 0 _
= - =o0.
d(g, ker Ay) 0
Thus
inf A9l g€ K2and g ¢ ker Ay 3 > 0. (5.6)
d(g, ker Ay)’ “
Moreover, by (5.5),
Hy
B—inf{”fO'['g”, ge K2 andggékerAf}>O. (5.7)
ag

For g € ker Ay, since the dimension of ker A; is finite, we have that Hys|ker o, has a closed range.
Thus, by Theorem 5.2,

Hy
glzinf{”(gﬁg”, g € ker Af} > 0. (5.8)

By (5.7) and (5.8), we get that

. Hzpa .
mf{'”afg”g”, g€ KZ} =min{g, 1} > 0.

Then, by Theorem 5.2, Hzf|g> has a closed range. By ker Hzy = {0} and Lemma 5.4, we obtain that Hzs|x2

is bounded below in K2. There exists € > 0 such that

[Hargll = ellgll, (5.9)
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for g € K2. Then
IMyz"gll = lfgll = l[afgll = |(I = P)(@fg)ll = | Husgll = cllgll = cllz"gl, (5.10)

for n € Z and g € K2. Since the set A ={z"h: n€Z, g € K2} is dense in L?, we have that My is bounded

below in L2.

Since Ay is a Fredholm operator, there exist 11, T» € £(K2) and compact operators K, K» such that
ATy =1+ Ky and ThAy = 1+ Ky. By CA;C = A} and C? = I, we get that A;ZCTlC =1+ CK.C and
CTQCA} = I+ CK,C. Since the set of all compact operators is an ideal, we get that A} is a Fredholm operator.
Then ran A} is closed and the dimension of ker A% is finite. By (5.1) and

79 = Pu(f9) = Pu(l — P)(ufg) = HyH, 79,

for g € K2, we conclude that M7 is bounded below in L? by the similar way. Then M; is invertible in £(L?).

By Lemma 4.1, we have that f is invertible in L>°. This contradicts our assumption about f. Thus f|g # 0

for E C T with |E| > 0. In terms of ker A% = C(ker A), we have that ind (A;) = 0. The proof is completed.
O

6. Compact defect operators of truncated Toeplitz operators

For a bounded linear operator T' on the Hilbert space H, we call Dy = I —T*T and D7+ = I —TT* the defect
operators, Rt = DrH and Ry~ = Dp«H the defect spaces, and dim Rr and dim Ry« the defect indices. For

[ € H®, the necessary and sufficient condition is obtained for I — A7A; to be compact or of finite-rank in

[22]. For f € (K2 + K2)N L>, by Theorem 5.5, we obtain a sufficient condition for I — A} Ay to be compact.
In following, for f € L, using the known result about a finite sum of products of Toeplitz operators to be

compact, see [16], we will simplify I — A} Ay as a finite sum of products of Toeplitz operators and give the
necessary and sufficient condition that I — A;ZA ¢ is compact on the model space K2,

For f € L?, we use fy and f_ to denote P(f) and (I — P)(f), respectively. In the following, for
f, g € L=, we will frequently use the relationship:

Tyy— Ty Ty = HiH,. (6.1)

A finite sum of finite products of Toeplitz operators can be written as a finite sum of products of two Toeplitz

operators. The key idea used in [16]:
TyT, T, = T(T,. + Ty VTh = Tyg, Th + TyTy_n, (6.2)
for f, g, h € L*°. Moreover,
TiTyThT, = Tf(Tg+ + Ty )T T, = Tyg, ThTp +T5Ty nTy,

for f, g, h, ¢ € L*. Similar to (6.2), the product of four Toeplitz operators can be written as a sum of two

Toeplitz operators with (perhaps unbounded) symbols, and the decomposition is not unique.
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Lemma 6.1 Let u be a nonconstant inner function and K2 be the model space. If f is in L°° such that
P Fo f)es (uf)oy (uf(af) ) and (uf(af) )y arein L, then I — AjAp =T, 3, +T, where T

is the finite sum of the products of two Toeplitz operators.
Proof By P, = P — uPu, we have that
Ay =P,fP, = Pu(I — P)ufPu(I — P)u = H;Hy;H. Hy. (6.3)
By (6.1), we obtain that
HiHysHyHy = (Ty — T, Tap)(I — T/ Tk)
= (Ty — TuTuy) — (Ty — TuTay) T Tw
= H:Hgp — (T5Ty T — T T T )

= HyHup — (TyuTa = Tu(Ty, + Ty )Tw)
= HiHgp — (Tyu T — TuTy, T — T Ty Tx)
6.4
= H:Hys — (Tru T — Tuy, T — TuTay_) (6.4)
= H;Hy; — (Tyy Ty — T, Tar )
= Holluy — (Tup Ta =Ty + Ty = TuTus )
= HiHyy — (—H 7—Hy + HyHyy )
In terms of (6.3), we get that
I—A3Ay = P, — HyHo s HyHyp HiHy

= I — T, Ty — HyHypHy Hyy, — HyHopH—Hy.

Hz can be written as a finite sum

By (6.1) and the idea before Lemma 6.1, HiH 7H7Hzy, and HgHﬁH:fi

of products of two Toeplitz operators. By calculating, we conclude that

HgHopHgHzy, =T5; — TuTagy, — Tug Tare + Ty, ) (6.6)
and
HgHpH o He = T5Ty. — Ty@p), Tr- — Tul@g)_ g — Trugy, Te
— Tl )+ Tup), sy Ta + Tugep), Tatus) - (6.7)
t Tutus-@poye To + Tulaqus_ @p)-)-
By (6.5), we have that
[—AjA; =T, 5, +T, (6.8)
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where

Tus, — Ty Ty

T=T,T7, —T.Ta+T, ~ Ty +T

(f- w(uf)+
T T Tag g+ Ty Lot Trluws ) — Tup)y ury, Ta (6.9)

- Tu(Tf)+Tﬂ(“f—)— - Tu( 7)+TU — TuTﬂ(

Tﬂf (-

uf—(uf) ufo(uf)-)--

The following theorem can be found in [10].

n
Theorem 6.2 For f;, g;, h in L, i=1, 2, ---, n,if > TyT,, —Ty has finite rank k, then there are analytic
i=1

polynomials A;(z) and B;(z), not all of which are zero, with max{deg A;(z)} = k and max{deg B;(z)} = k
such that

n n
> Aifie H* or Y Big; € H”.
=1 i=1

In the following, we give the necessary condition that the defect operator I — A} Ay has finite rank on

the model space K2.

Theorem 6.3 Let u be a nonconstant inner function and K2 be the model space. For f € L° with
foy fo, (whe, (wf)—, (uf—(uf)_)—, and (uf_(uf)_)s in L*, if I — A3Ay has finite rank k, then there
are analytic polynomials A;(z), i =1, ,---, 7, and Bj(z), j =1, ,---, 8, with max{deg A;(2)} = k and
max{deg B;(z)} =k such that

7 (4s+ As(uf )y

+ 7 (A + (D) + As(al)s + Ae(uf) s (uf-)s + Arluf—(uf)-)1 ) € H,
or
I~ (Bs + Bs(uf)-)
+ @(Biffs +Bs+ Bsfy + Baf(F)— + Br(uf-)_ + Bg(uf_(uf)_)_) € H*.
Proof By uf =ufi +uf_, we get that
(uh)+ = P(ufs +uf-) = ufy + (uf-)+.

and
(uf)- = = P)(ufy +uf-) = (uf-)-.
Since f isin L™ such that f_, fi, (uf)4, (uf)- arein L*>, we have that (uf_); and (uf_)_ arein L*>.

Since I — A} Ay has finite rank, by (6.8) and Theorem 6.2, there are analytic polynomials A;(z), i=1, ,---, 7,
and Bj(z), j =1, ,---, 8, not all of which are zero, with max{deg A;(z)} = k and max{deg B;(z)} = k such
that

Avu+ Asu(f)- + Asf + Asu(uf)

+ Asf(uf-)s + Asu(uf)y (uf-)+ + Azu(uf-(uf)-)+ € H*,
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or

Biuf fy + Byt + Bstufy + Byufy(f)- + Bsf-
+ Bs(uf)-f- + Bru(uf-)- + Bgu(uf_(uf)-)- € H>.

By simplifying, the proof is completed.
The following theorem can refer to [16].

Theorem 6.4 A finite sum T of finite products of Toeplitz operators is a compact perturbation of a Toeplitz
operator if and only if
lim [|T—-T: TT,. || =0,
lim [T =T TT,. |

Z—w
1-zw *

where @, (w) =

In the following, we give the necessary and sufficient condition that the defect operator I — A;A ¢ is

compact on the model space K2.

Theorem 6.5 Let u be a nonconstant inner function and K2 be the model space. If f is in L™ such that

foy oy (wf)e, (uwf)_, (uf—(uf)_)_ and (uf_(uf)_); arein L, then I — A% Ay is compact if and only if

lim ||T — T} TT,.|| =0,

|z|—1

where @, (w) = £ and T is equal to (6.9).

1—-zw

Proof By (6.8), we have that I — A}Af is compact if and only if T17?f+ + T is compact, where T is a finite

sum of the products of two Toeplitz operators. By Theorem 6.4, the proof is completed.
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