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Abstract: For analytic functions f (z) in the class A,, fractional calculus (fractional integrals and fractional deriva-
tives) D2 f(z) of order X\ are introduced. Applying D2 f(z) for f(z) € A,, we introduce the interesting subclass
Ar, (0m, B, p,A) of A,. The object of this paper is to discuss some properties of f (z) concerning D3 f (z).
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1. Introduction

Let A, be the class of functions f (z) of the form

f2)=z+ > ap¥, (neN=1{1,23,--}) (1.1)
k=n+1

which are analytic in the open unit disk U ={ z € C: |z| < 1}.

Among various definitions of f(z) € A,, for fractional calculus given in the literature, we would like to recall
here the following definitions for fractional calculus which were used by Owa ([4,5]) and by Owa and Srivastava
(6]

Definition 1.1 The fractional integral of order A for f(z) € A,, is defined by

. 1 f (@)
D: f(z)_r()\)/(z —dt, (A>0) (1.2)

A—1

where the multiplicity of (z —t) is removed by requiring log (z — t) to be real when z —t > 0, and I (\) is

the Gamma function.

*Correspondence: nesuyan@yahoo.com
2010 AMS Mathematics Subject Classification: 30C45.

2025

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0003-1037-8843
https://orcid.org/0000-0002-8842-2464

UYANIK and OWA /Turk J Math

Definition 1.2 The fractional derivative of order A\ for f (z) € A,, is defined by

1 d |7
S Ta—Nd / (zf(tt))kdt . (0<A<1)

where the multiplicity of (z — t)f)‘ is removed as in Definition 1.1 above.

Definition 1.3 Under the hypothesis of Definition 1.2, the fractional derivative of order j + X for f(2) € A4,
is defined by
di

DIPf () = (D (). (<A< (14)
where 7 =0,1,2,---
In view of the above definitions, we know that
DA (2) = % 24 Z S R (N> 0), (1.5)
L'2+M) W F(k:—l—l—&-)\)
DAf(z):;l >+ Z kilakzk—A <A< (1.6)
o re-x +1F(k+1—)\) - '
and
. 1
D]+)\ 1 —J=A k—j—X 1.7
for 0<A<1and j=0,1,2, -
If A\=1in (1.6) and (1.7), then we have f’(z) and fU*V (2).
Now, we consider m different boundary points z, (p =1,2,3,--- ,m) with |z,| =1 and
1 T (2-N)D)M (=
am =3 ( 24 ( p)7 (zj # 21) (1.8)
m Z
p=1 P
where
r2-\D)
z
»
am # 1 and —ggﬁgg.
If f(z) € A, satisfies
B —
eA(Z)O‘m—1’ <p (z € U) (1.10)

e — apy,
or some real p > 0, then we say that f(z) is a member of the class A, (cm, B, p, A), where

oo

PE-NDM() _,,

Y _
* k=n+1 Lk+1-X)

| _
Makz’“l, 0<A<). (1.11)

G (2) =
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It is clear that G () in (1.11) satisfies
|G (2) — 1] <p‘ew—am , (z€U). (1.12)
If we consider a function f (z) € A, given by

(€ —am) T (n+2- 1)
(n+1DIT(2-X)

f(z)=2z+ PR (1.13)

then f(z) satisfies
\GA(z)—1|:p’ew—am’|z|n<p|ew—am‘ (z€U). (1.14)

Therefore, f(z) given by (1.13) belongs to the class A, (cm, B, p, A).
To discuss some interesting properties of f(z) in the class A, (am, S, p, A) ,we need the following lemma due
to Miller and Mocanu ([2,3]) (also, due to Jack [1] ).

Lemma 1.1 Let the function w (z) given by
w(2) = an2™ + anp12" T ap 02" T4 (1.15)

be analytic in U with w(0) =0 and n € N.
If |w (z)| attains its maximum value on the circle |z] =7 < 1 at a point zy € U, then there exists a real number
k > n such that

zow’ (20)

w(zo) =k (1.16)
and
zow" (Zo)
R (1 + o (o) (Zo) > > k. (1.17)

2. Properties of functions concerning the class A, (a,, 5, p,\)

Applying Lemma 1.1, we first derive

Theorem 2.1 If f(z) € A, satisfies

2D (2)
D2 f (2)

|ew —am|np

—_— 2.1
1+|€1’8_04m|/) (z€U) (2.1)

—(1—)\)'<

for some a,, defined by (1.9) with «,, # 1 such that z, € 90U (p=1,2,3,---,m), and for some real p > 1,
then

‘F@ —~ N D2 (2)
1=

- 1‘ < |6iﬁ — o p, (z€U) (2.2)

that iS7 f (Z) € An (anzaﬂapv )‘) .
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Proof Let us define a function w (z) by

PGy (2) — am

w(z) = TP —an 1 (2.3)
(RN e
where G (z) is given by (1.11).
It follows that
Gi(2) = I _;)_?if (2) =1+ (1 —ame ) w(z). (2.4)
This implies that
D)y (e 0l (o .
D3 (%) T (= ame ) w(2)
and
2D f (2) (1- )\)’ _ (1 — ame “32 .zw’ () (2.6)
D2 f (2) 14+ (1 — ame=P)w (2)
B _
m (z € U)
with (2.1). We suppose that there exists a point zp € U such that
max |w(z)] = |w(z0)|=p > 1. (2.7)

[2|<]z0]

Then we can write that w (29) = pe?? and zpw' (20) = kw (29) with k& > n by Lemma 1.1. For such a point
zp € U, we have

ZoDzlz+’\f (20)
D2 f (20)

(1 — ame’iﬁ) zow' (z0)
T ame ) w ()

—(1- )\)’ (2.8)

ll—ame_iﬂnp B |ei5—am|np
T 1+l —apeBlp 14 |ef —an|p’

This contradicts our condition (2.1) for f(z) € A,.
Therefore, we say that there is no such point zy € U such that |w (z)| = p > 1. This means that |w (z)] < p
for all z € U. Therefore, we obtain that

ezﬂ Z) — O
wal = | —1' >
_ ’F(2—>\)D§f(z)_1‘<‘eiﬁ_am|p, (zeU).

1A
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This completes the proof of the theorem.

Example 2.1 We consider a function f(z) € 4,, given by

f(2) =2+ an 12" (z€U) (2.10)

with
F'(n+2-2X)

0
<lanl <= (n+1)!

Then we see that
(n+1)!Inl'(2—X)

zDITf (2) T(nta—n)  @n+12"
DG A= T —— (2.11)
z + TFmie—ny Ant1%
This gives us that
n Inl'(2—X\
DI () Tl o1
\ AT (n+DIT(2=)) ’ ’
sz(z) 1—m|an+1|
Now, we take five boundary points such that
.ar (an )
2 = e i (2.13)
e (2.14)
‘ﬂ—4arg(an )
m=el A (2.15)
.m—3ar (an )
=l (2.16)
and
iﬂ—Zarg(an+1)
z5=e n . (2.17)
For the above boundary points, we have that
I'(2—)\) D) (21) (n+1IT(2-N) -
=1 iarg(any1) 2.18
Z%*/\ + r (ﬂ + 9 _ )\) an+1€ ( )
(n+ DT (2-X)
=1
T Tz |l
['(2—A\) D) f () (n+1DIC(2-X) ;m—6arg(aniy)
z -1 T 2.19
A T Tz M€ (2.19)
n+I02-X) (V3+i
_ o, (menre—y ol
F'n+2-2X) 2
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['(2—)\) D) f (23) (n+1IC(2- ) m—darg(an 1)
Zé B + I‘(n—|—2—/\) anp+1€ 1
(n+1DIC2-=X) (141
T Tz n 8 lanl
F(Q— )D)‘f(Z4) (TL-I—l)'F(Q—)\) m—3arg(anq)
23 * F'n+2-2X) @n+1€' ’
nIr2-xa) (1 3i
_ 14_(n+ )T ( ) +V/3i .
F'(n+2-2) 2
and
['(2—X\) D2 (z5) (n+DIT(2-X) (m—2arg(ani1)
= 1 s
7 - F'(n+2-X) (nt1¢ ’
(n+DIT(2-X),
=1 nitl -
F Tz il
Therefore, as is given by
5
I T (2-A Dkf(zp)
@ = gz
p=1 %

. (n+DIT(2—X) (3+v2+V3) (1+4)
-t 100 (n+2— \) [anta]

It follows from a5 that

V2(3+V24+V3) (n+1II'(2—))
100 (n+2—\) [t

’1 — a5e_i6’

for g = 0. For the above a5 and § = 0, we consider a real p > 1 such that

n+1)Inl'(2—A .
( F(7)L+2£AT L a4 e — as|np

nt+1)IT(2—\ = iB _ :
1- OFDECE D jq,, |~ L+ —as|p
Then we have that
10 F(n+2—)\)>
> 0<l|antt] < —————2).
P = 2B+ V2+VB) ( el < !

Considering a5 in (2.23) and p in (2.26), we say that

L (2-\) D2f(2)

21=A

(n+1IT(2-N)
F'n+2-2MX)

(n+1)IT(2—X)
U lanl

- 1\ @]

S (n+1)!
1= 2505555 lan+l
< €i6*045’P (B=0).
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Taking A =1 in Theorem 2.1, we see
Corollary 2.1 If f(z) € A, satisfies

|eiﬁ —am|np

)|
1+ e — am|p’

[ (2)

for some a, defined by (1.9) with a,, # 1 such that z, € 9U (p=1,2,3,---,m), and for some real p > 1,
then

(z€U) (2.28)

' (2) = 1] < [e" —am|p (zeU). (2.29)

Our next result is as follows:

Theorem 2.2 Let G (z) be defined by (1.11) for f(z) € A,,. If G (z) satisfies

Z1=X

; 2
2G\ (2) e — | mp?
2Gh (2) — 52 : zeU 2.30
)\() G)\(Z) 1+|615—01m|0 ( ) ( )
for some v, defined by (1.9) with o, # 1, and for some real p > 1, then
L2-\D?2 ;
' ( ) Zf(z)1‘<|e’5am p (z€U), (2.31)

that is, f(z) € Apn (am, B, p,A), where -5 <B< 3.
Proof We define the function w(z) by (2.3). Then, it follows from (2.3) that

, 2G) (2) 1— apme )% 2w (z)w' (2)
2GY\ (2) — G:\(z) — ( s oz?ne_w) ORE (2.32)

Supposing that there exists a point zy € U such that

max |w (z)] = |w (z0)| = p > 1, (2.33)

[z]<|zo]

Lemma 1.1 gives us w (z9) = pe’ and zow' (29) = kw (20) (k >n).

For such a point zyp € U, we see that

(1 - ameiiﬁ)Q 20w (ZO) w' (Zo)
1+ (1= ame ) w (z0)

Z()Gi\ (Zo)
G (20)

206 (20) - (2.34)

|1 — Ozme*iﬂ|2 P’k
T+ (1= ame ) pe?]

‘em—am‘an
T 14 e —ap|p

This contradicts our condition (2.30). Therefore, we say that there is no zyp € U such that |w(zp)| =p > 1.
This shows us that
BQG —
w () = | 2B Zam o) (zeU) (2.35)

e — ay,
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that is,

L(2-XNDf(2)
X

-1 <|ei5—amp (z€U).

Example 2.2 Let a function f(z) € A, be given by
f(z)=z+ap12"! (z€U)

with 0 < |ap41]| < % Then, G, (z) satisfies

n<<n+1)!r<2fx>)2 2 on

2GY\ (2) — 2G)\ (2) Tnf2-x) ) “nt1?
- IT(2—X\
G)\ (2) 1+ %GHJAZ”

2
n I"(2—X 2
n <( r—*‘?il)JrQ(,Q)\) )) [y

- S
Considering five boundary points 21, 29, 23, 24 , and z5 in Example 2.1, we have
6 — | = V2(3+V2+V3) (n+1)IM (2 - ) ]
10T (n 42— \)
with 8 = 0. For such a5 and g =0, we consider a real p > 1 satisfying
1= (nFJr(iz)Jlrl;(_g;)A) jansa| — L+l —as|p
Then, this p satisfies
p > 10 > 1.
V2(3+V2+V3)
With such as,p and g =0, we know that
TR-NDYE) | _ GaDre-x o
2= F'n+2-X)
< |eiﬁ—0z5‘p, (8=0).
Letting A = 1 in Theorem 2.2, we have
Corollary 2.2 If f(z) € A,, satisfies
" eb —a,, 2002
zf"(2) = Z}f, (S) ’1 e |a"f|)p (zeU)
for some «,,, defined by
i = ;; 7' () (5 # )
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with «,, # 1, and for some real p > 1, then
If' (2) = 1] < | — aum] p, (z€0) (2.45)

s s
where —3 < 8 < 5

Finally, we derive

Theorem 2.3 If f(2) € A,, satisfies

2D f(2) — (1= X)) D2 f (2) k
TE-NDM () =2 7 T@—N (z€U) (246)
for some real k > n, then
F2-X) D2/ (2) -1 <|ei'6—cum|p7 (z€U) (2.47)

1A
where o, is defined by (1.9) with a,, #1,p>1, and —§ < 3 < 7, that is, f(2) € An (am,B,p, ).
Proof For f (z) € A, satisfying (2.46), we consider w (z) given by (2.3). Since

L (2-)) D2f(2)

Gy (2) = P , (2.48)
we say that
DI (5) = (1= N DM () aw'(2) 2.19)
FC2-MNDM(2)—21"* TE2-Nw(z) '
If we suppose that there exists a point zg € U such that
max |w (z)] = |w (z0)| = p > 1, (2.50)

[2|<]z0]

Lemma 1.1 says that w (z9) = pe? and zow’ (29) = kw (20) (k > n). From the above fact, we know that

20D f (20) — (1= N) D2 f (20) _ zow' (20) (2.51)
L (2-X)D2f(20) — 2" ['(2-XA)w(z) '
B k
NS
Since this contradicts our condition (2.46), we have |w (z)| < p for all z € U.
Consequently, we obtain that
F(Z—Al)ng(Z) 1
lw(2)] = P —a < p, (z€U) (2.52)

which shows the inequality (2.47).
Letting A = 1 in Theorem 2.3, we have
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Corollary 2.3 If f(z) € A, satisfies

2f" (2)
7oo17" (z €U), (2.53)
for some real k > n, then f(z) satisfies
P -U<|e® —anlp (D), (2.54)

where a, is given by (2.44) with a,,, #1,p> 1, and -5 < 3 < 7.

s
2

Remark In (2.29) of Corollary 2.1, (2.45) of Corollary 2.2, and (2.54) of Corollary 2.3, we say that
1f'(2) = 1] < | — o] p, (z€U). (2.55)

Therefore, if |e?® — a,,| p <1 for a,,,p, and B, then f(z) is closed convex in U.
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