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Abstract: We derive a summation formula for the terminating hypergeometric series

—-m,a,b,1+c
4Fs 1+a+m,1+afb,c; ’
where m denotes a nonnegative integer. Using this summation formula, we establish a reduction formula for the
Srivastava—Daoust double hypergeometric function with arguments z and —z. Special cases of this reduction
formula lead to several reduction formulas for the hypergeometric functions ,41F, with quadratic arguments
when p = 2,3 and 4 by employing series rearrangement techniques. A general double series identity involving

a bounded sequence of arbitrary complex numbers is also given.

Key words: Hypergeometric summation theorems, Srivastava—Daoust double hypergeometric function, bounded

sequence, series rearrangement technique

1. Introduction
In our investigations, we shall use the following standard notation: N := {1,2,3,---};Ng :=NJ{0};Z; :=
Z- {0} ={0,-1,—-2,-3,---}. The symbols C,R,N,Z denote the sets of complex numbers, real numbers,
natural numbers and integers, respectively. The well-known Pochhammer symbol (or the shifted factorial) is
given by (a), = ala+1)...(a+n—1) =T(a+n)/T'(«a), it being understood conventionally that (0)g = 1
and assumed tacitly that the gamma quotient exists.

A natural generalization of the Gaussian hypergeometric series 2 Fi[a, 5;7; 2] is accomplished by intro-

ducing an arbitrary number of numerator and denominator parameters. Thus, the resulting series

(ap) ] |:C¥17O[2,... a } = (1)n(@2)n - (Qp)n 2"
F, Pz =, F, T — — 1.1
it {(6(1) 50| By, B By 2 (B)n(B2)n - (By)n 1 (1)
is known as the generalized hypergeometric function. Here p and ¢ are nonnegative integers, the variable

z € C and we write (o)) = (a1,a2,...,ap). The numerator parameters oy, as,...,a, and the denominator
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parameters (31, 32,..., 3, can, in general, take on complex values, provided that

6] #05_17_27’ (.7:172a7Q)

Assuming that none of the numerator and denominator parameters is zero or a negative integer, the ,F,(2)
function defined by Equation (1.1) converges for |z] < oo (p<gq), |2|] <1 (p=¢q+1) and |z] =1 (p=q+1
and R(s) > 0), where s is the parametric excess defined by

q p
s:Zﬂj—Zaj. (1.2)
j=1 j=1

In an earlier paper [13, p.199], Srivastava and Daoust defined a generalization of the Kampé de Fériet

function [2, p.150] by means of the double hypergeometric series (see also [14, 15]):

A B B [ (@a): 9, : [(Be) : 01 [(Bp) = 0
&0 5 | o) 4] [180) s (o) < ™

0o oo TTA B B’
. Z Z j:l(aj)mﬁj+mpj Hj:l(ﬁj)mwj Hj:l(ﬁé')mﬁ} " y" (1.3)
- c D D’ ml ! :
m=0n=0 j:1(’7j)m§j+n5j Hj:1(5j)mnj Hj:1(5§‘)nn_; m! nl

where the coefficients

. . . / /. .
1913"'31914; P10 PAS wlv"'v’l/)Bv wla"'awB/a 51,"'7507
. . / /
€1y, €C5 My--sND5 M1y -5 Ny

are real and positive. The double power series in (1.3) converges for all complex values of z and y when A; > 0,
Ay > 0; for suitably constrained values of |z| and |y| when A; = Ay = 0; and diverges (except in the trivial
case x =y =0) when Ay <0, Ay <0, where

c D A B
Ay = 1+Z§j +Z77j *Zﬂj *Ziﬁj,
j=1 j=1 j=1 j=1

C D’ A B’
Do=1+) e+ =D 0= ) ¥
j=1 j=1 j=1 j=1

Motivated by the studies of Miller [4, 5], Miller and Paris [6-8], Miller and Srivastava [9], we obtain a
summation formula for a terminating series 4F3(1) in Section 3. In Section 4, this summation formula is used
to derive a reduction formula for the Srivastava—Daoust double hypergeometric function defined in (1.3) with
arguments z and —z. The consideration of special cases of this last result enables a few reduction formulas
for the generalised hypergeometric function ,11F, (p=2,3,4) with quadratic arguments to be deduced using
a series rearrangement technique. In the final section, we specify a general double-series identity involving a
bounded sequence of complex numbers.

It should be observed that throughout we tacitly exclude any values of the parameters and arguments in

Sections 3 to 5 leading to results that do not make sense.
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2. Preliminaries
In this section we present some preliminary results necessary for our investigation. First, we state Cauchy’s
double series identity [11, p. 56], [16, p. 100]

ii@(m,n ZZ@ m—n,n), (2.1)
m=0n=0 m=0n=0

provided that the associated double series are absolutely convergent.

Our second result is Dixon’s theorem [10, p. 535, Entry 21]:

a, b, c _}_F(lJrab)F(lJrac)F(lJr%a)F(lJr;abc) (2.2)

F. =
3 2[1+ab,1+ac Fl4+ia—bI(l+ia—c)T(14+a)T(1+a—b—c)’

where R(a —2b—2¢) > -2 and 1+a—b, 1+a—ce C\Z;. When ¢ = —m in (2.2), the terminating form of

Dixon’s theorem is given by

- 1 m 1 la— b m
r m, a, b . :( +a)m ( +2a1 ) 7 (2.3)
l+a+m,1+a-b I+a—b)m (14 50)m
where a, b, 1+a—be C\Z; and m € Ny.
The contiguous extension of Dixon’s theorem is [10, p. 535, Entry 22] (see also [3, p. 13, Eq.(4.7)])
% a, b, ¢ 2 F'24+a—-bT(24+a—c) "
2124a-b24+a—c | 2b-1)(c— DI (@I (2+a—b—rc)
FQa)F@+2a—b—c) Tla+) (3 +la—b—0) o
Ml4+ia-b)T(l4+ia—c) T(2+3a-b0T(2+la—0))’ ’

where R(a—2b—2¢) > =4 and 2+a—b, 24+a—c€ C\Z, and b# 1, ¢ # 1. When ¢ = —m, the terminating

contiguous form of (2.4) is given by

[ -m, a, b } Fr2+a-bT(2+a+m)
3F2 i1 =

1
24a+m24+a—b"] T 20 1)(—m-_)I(@L2+ta—btm)

y F(ia) T2+ ia—b+m) FAa+3HT(5 +3a—b+m)
T(1+la—b)T(1+lat+m) T(E+La—0)T( +latm)

F[ -m, a, b 1]_ I'2+a+m)T'(2+a)
2+a+m,2+a—b""] 2(1-b)(m+1)T(2+a)T(a)2+a—b)m

{ L(30) T2 +gza—b+m) P(1+3a) T2+ 3a-b)
P14+ 4a—b) (14 4a+m) T(1+ 3a) I'(2+ 3a —b)

_F(%a+§)r(g+§a—b+m)r(5+1a—b)r(§+%a)
P2 +ia-b0)T(E+ia+m) (3 +2a—0b) (3 +ia)

F -m, a, b 4l = 2+ a)m (a)s
24+a+m24+a—-0"| 2(1—-b)(m+1)(2+a—>b)y,
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X{@+;a—mmr@@ru+ga—b+n(g+;a—wmr@a+§nx§+;a—b+n}
(1+2a)m T(1+ 3a—b) I'(1+ 1a) (2+3a)n (2 +2a—b)I(L+3a+1)

Using the identity I'(z 4+ 1) = 2I'(z) (see [11]), after simplification we can write

-m, a, b N a(l+a) (2+a)m
F [2—|—a+m,2—|—a—b’1 20 =b)(m+1)(24+a—b),
(a=20+2)2+za=0)m (a=20+3)(3 +3a—D)m
{ a(l+ 50)m 1+a)(3 +3a)m } (25)

where a, b, 2+a—b € C\Z;, b # 1 and m € Ny. The summation formulas (2.3) and (2.5) will play an
important role in our subsequent analysis.

We have the closed-form evaluations of the Gauss hypergeometric function (see [1, p. 185, Ex. (39)], [11
p. 70, Ex. (10)], [12, p.19, Eq.(1.5.20)]):

2a—1
a,a— 1 ] 2
F 2oyl — 2.6
[ i S (2.6)
and
1 1 2a—1
a, 0+ 5
Y72, = , 2.7
21[ 2a } VI —2) <L+M1—z> 27)
where 2o € C\Z; and |arg(l — z)| < m. These last two results enable us to obtain the following lemma:
Lemma 2.1 We have the closed-form evaluation of Clausen’s function given by
1 L 2 2 28 -1
3&{a+’@5_2w] S S 1+ (25— 1)= (2.8)
o, 2p3 1++/(1-2) 20{1 —z+ /(1 =2)}|’
where a, 20 € C\Z, and |arg(l —z)| <.
Proof: We have
Oz—‘rlﬁﬁ—l = (ﬂ)r(ﬂ Q)T r
F: 0 2 ; = (1 —
342 { a,28 z ;0 (28), r! + a)
_2F1|: Qﬁ 1y +740[ 2F1 2ﬂ+1 v (29)

Using the closed forms (2.6) and (2.7) in the right-hand side of (2.9), we obtain after some simplification the
required result (2.8).

1906



QURESHI et al./Turk J Math

3. A summation formula
In this section, we derive a summation formula for a terminating 4F3 series with positive unit argument, which

we believe is not in the literature. This takes the following form:

Theorem 3.1 The following result holds true:

-m,a,b,1+c¢ (1+a)m a (1+%a—b)m a (% % —b)m
F 9 Wy Yy ,1 — 1_7 - <« @ — —_— 5 3].
B l+a+ml4+a—be } (1—|—a—b)m{< 20) (1—|—%a)m +<2c> (%—l—%a)m (3-1)
where m € Ng and a, b, ¢, 1+a—be C\Z; .
Proof. Let
—m,a,b,1 +c - a)r(b)r(l +C>T
H:: F ) )
43[1+a+mﬂ+ahc } Z%1+a+mrﬂ+af®A@ﬂ!
S )r(@)r(b)r r
14 =
; 1+a+mT(1+a—b)rr!< +c>
—-m,a,b 1 & (=m)r(a)r(b)r
= o F [l -1 — . 3.2
3 2[1+a+m,1+ab’ }+c;(1+a+m)r(l+ab)r(rl)! (3:2)

Replacing r by r + 1, we obtain the second term on the right-hand side of (3.2) in the form

lmz: m)r11(a)r11(0)ri1 _ mzzl —m+1).(a+1).(b+ 1),
c = 1+a—|—mr+1( +a—b)ppir! (1+a+m 1+a b) = (2+a+m)(2+a—Db)r!

Identification of this last sum as the 3F5(1) series with parameters augmented by unity then leads to the result

24+a+m,2+a—-0b"

—m,a,b 1l mab —(m—-1),a+1,b+1
l+a+m,l+a—b"| ¢(l+atm)(1+a—b)">">

Use of the results stated in (2.3) and (2.5) in the first and second hypergeometric series on the right-hand
side of (3.3), then leads to

(4 a)m(+5a—0b)m (@) mo
C (Ata—bml+ia)m  2e(1+a+m)(l+a—>b)m

X{(1+a—2b)(§ 30— bm-1 (2+a—2b)(2+§a—b)m_1}
(14+a)(3 + 2a)m—1 (2+a)(2+ 2a)m—1 '

Finally, employing the fact that (a);,—1 = (o — 1), /(v — 1) and after some straightforward simplification, we
obtain the required result (3.1).

1

Corollary 1. If we set ¢ = 5a in (3.1) then we recover the known summation formula

1
la b
F mab1+a 1:( a)(+2a )m

1+
2a1—|—a+m1+a—b A+ ia)m(l+a—0b)y
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recorded in [10, p. 556, Entry 29], [12, p. 245. 111.26] and [1, p. 182, Ex. 25(a)].

Corollary 2. If we set ¢ = 1b in (3.1) then we obtain the summation formula

—m,a,b,l—k%b )
415 §b71+a+m,1+a—b’1}
_ (4@ [y (Atga=bm  cay (g0 b
S (1+a—"b)y, (1 b) (14 3a)m +(b> I+ La)m - (3.5)

4. An application of Theorem 3.1 to the Srivastava—Daoust function
Here we establish a result concerning the reducibility of the Srivastava—Daoust double hypergeometric function

defined in (1.3) given in the following theorem:

Theorem 4.1 The following result holds true:

FA+L 053 { [(aa) : L1, [14+a:1,1]: —[a: 1], [B: 1], [T 4y 1]; _Z]
B+1: 0; 2 [(bp) : L1, [1+a:1,2]: —[l+a—B:1],[x1); 7

_ 1_3 F (aA)71+O‘71+%05_B_Z
- 27 A+21'B+42 (bB),l—Fa—ﬂ,l—'—%Ol,

@ (aa),1+o,3+3a—5
i <27> avalise {(53)71—1-04—@;_,_ 1o 7| (4.1)

where b1,ba,...,bp,a, 8,7, 1+a— 3 € C\Z,. When A < B both sides of (/.1) are convergent for |z| < oo,

but when A= B+ 1 the two sides are convergent for suitably constrained values of |z|.

Proof: Let

—Zz

)

o pAFL 053 [ [(@aa): L, 1,14+ a:1,1]: —;[a:1],[B:1],[1 +~v:1];
' B+1: 0; 2 [(bB) : 1,1},[1-’-0[:1,2] : _;[1+Q_B:”7[7;1];

_ = = (al)ern ... (aA)ern(l + a)ern(a)n(ﬂ)n(l + P)I)nzm(_z)n
=22 0 )mzm - 08 marn (L + @)mran(l+ & — B)n(y)mmin!

= Ay (al)m+" s (aA)m-l-n(a)n(ﬁ)n(l + ’Y)n(—l)"zm"""
a Z Z (bl)m+n . (bB)ern(]- +a+m+ n)n(l + o — 5)n(’y)nm'n' : (42)

Replacing m by m —n in (4.2), we find upon application of (2.1) that

ShS (@)m - - (an)m(@)n(B)n(1 +7)n(=1)"2"
Eo= ZZ(bl)m...(bB)m(l—&—a—i—m)n(l—i—a—ﬁ)n('y)n(m—n)!n!

m=0n=0

3 @y S @B+,
= b1)m - (bB)m m! = I+a+m)(l+a—7P8)n(y)nn!

= @) (aa)m 2™ —myon 814y

- ;mw& L+a+m,1+a—6,w’
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Finally, employing the summation formula (3.1), we arrive at the right-hand side of (4.1) after some routine

simplification.

Corollary 3. If we take v = a in (4.1) we obtain another reduction formula:

patos [ lea) s L1 A +a: L1 —fa: 1] [ 1], 14 300 1) z_z]
B+1: 0; 2 [(bs) : LA [1+a:1,2]: —[1+a—f:1), [2a 1;

)1—|—a,§+%a—ﬁ Z} (4.3)

_ (an
= at+2FB+2 (bp),1+a— 5’24_ 1o
where by1,bs,...,bp,a,8,1+a—p € C\Z;. When A < B both sides of (4.3) converge for |z| < co, but when

A = B+ 1 both sides converge for suitably constrained values of |z|.

In the following corollaries we present some cases where the Srivastava-Daoust function in (4.1) reduces to
a generalised hypergeometric function with a quadratic argument which can be expressed in terms of lower-order

hypergeometric functions with linear argument. At this point it will be convenient to introduce the variable

_ z R S
14+ VI—2)2 14+VI-2z

Corollary 4. In (4.1) put A=2, B=1, a1 :%—i—%a, as :1—1—%04, b1 =1+ «a to yield:

1 ( 2 >a3FQ{ ,5,1+7__Z]
Vi—z \1+V1-2z l+a—-37’

o i+la1+Lia-5 a l+ia,3+3a-8
(12 2 T3 1T 3 . @ 25 T3 .
_<1 27>2F1|: 1+a—p 2|+ 2y oy l+a—8 12, (44)

where |Z] <1, |z| <1 and «,83,7,1+a— 3 € C\Z,; .

Proof: With the stated parameter values the left-hand side of (4.1) takes the form

i i % 30)min(l+ 3 3V man (@) (B)n (1 +7)n2"(=2)"
ooparomard 14+ @)mion(l+a— B)n(v)nm!n! '

Using the identities (a)m4n = (a)n(a+n)m and (a)2n = 22" (3a)n(3 + $a)n (see [11]), we can write the above
double sum as

i 5+ 3001+ 30)n(@)n(B)n(1+7)n(—2)" i s+ 30+ n)n(l+ a4 n),z™
= (14 a)an(1+a—B)n(y) nn' — (1+a+2n),,m!
—Z 1+7)n( )n2F1 %—i—%a—i—n,l—i—%a—i—n_z
22” +a—5)n(fy)nn! 14+a+2n ’

(i) St ()
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upon use of (2.7). Identification of the sum over n as a 3F» function and simplification of the right-hand side
of (4.1) then yields the result stated in (4.4).

Corollary 5. In (4.1) put A=2, B=1, a1 = %—i— %a, as = %m b1 = 1+ «a to yield upon application of

(2.6):
2 “ La,a,8,1 4+~ ]
F 9 &ty Ly My 7_Z
(1+m) 4 3{1+§a,1+a—ﬂ,7

a lal+la1+la_ﬁ a lal+la_ﬁ
— (1= = ).F | 272 2 2 . Vo | 252 2 . 4.5
(-5 )RR (B R e @
where\Z|<1,\z|<1anda,6,7,1+%a,1+a7660\25.

Corollary 6. In (4.1) put A=3, B=2, a1 =2«, as = 7+ a az = ; Lo, by =200—1, by =1+ a to yield
upon application of (2.8):

2 o a,a,2a, 8,1 4~ )
<1+m) {5F4[2a—211+ ja,1+a—pB,7’ Z]
az a, B, 1+~
+(2(2a1)(1z+\/1z)>3F2[1+0457’Y’ ZH

- o 5 —|—a2a1—|—a B o a2a,2—|— a—ﬂ'
_(1 27>F{20¢—11—|— laita—pg % T2 )2 a1 1va—p %) (46)

where [Z] <1, [2| <1 and o, 8,7,2a — 1,14+ 2a,1+a— B € C\Z, .

The manipulation of the Srivastava—Daoust function in Corollaries 5 and 6 is similar to that in Corollary

4 and so will be omitted. Corollaries 4-6 have been derived on the assumption that |Z] < 1, |z| < 1. However,

these results may be extended by analytic continuation to all z € C such that |arg(l — z)] <7 and z# 1 in

(4.4), (4.6) and z =1 in (4.5) (since the parametric excess (see (1.2)) of the hypergeometric functions on the
1

right-hand sides is s = —% and s = 5, respectively).

5. A second application of Theorem 3.1 to a general double series

Theorem 5.1. Let {®(p)};2; be a bounded sequence of essentially arbitrary numbers (real or complez) such

that ®(0) # 0. Then, the following general double-series identity holds true:

I+ min (@0 (B)n (L +79)n 2™ (=2)"
qu)m+ (14 )mran (1+a—=B)n (7)n m! n!

m=0n=0

> 1—|—a 1—|—1a > 14a), (24+1ia—25),, 2™
(1-)2@ ( Bl +<Q>Z¢(m)( n 2 1@ o (6
—= (I+a=PB)m (1+ Q) 27 (I+a—=B)m (5+50)m m!
where 1+, B, v, 1+a—f € C\Z, and provided that the infinite series occurring on both sides of (5.1) are
absolutely convergent.
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Proof : Let

L 00 00 S (1 +Ol)m+n (Ol)n (B)n (]_ —|—fy)n m (_Z)n
G_ZZCD( + ) (1+a)m+2n(1+a_6)n(’Y)nm!n!

m=0n=0

ISR (@)n (B)n (1+7)n (=) 277
=2 Zé(m+n)(l+a+m+n)n (L+a=Fn (V)n ml nl

Replacing m by m —n in (5.2) and making use of (2.1), we obtain

ShS m (@n (B)n (140 (=D" (2)™

¢ I+a+m), (1+a—08)n (V)n (m—n)! n!

Il
]
-

(=m)n (@)n (B)n (1 +9)n
+a+m), 1+a—L8)n (7)n n!

I
[M]8
B
3
2|
NgE

_ . ﬁ -m, «, 571""}/
= Z@(m)m! aFs {1+a+m, 1+a-3, v

By using the summation formula (3.1), we obtain the required result (5.1).

Remark 1. All the results (2.3), (2.5), (2.8), (3.1), (3.4), (3.5), (4.4), (4.5) and (4.6) have been verified

numerically by taking suitable values of the parameters and arguments given below:

Numerical proof of (2.3): Taking left-hand side of (2.3) and setting m =3, a = %, b= %, we get

B 2

T T @2 T (D)@

L 900 | (H0GG0) |, (HEEDOOEGEE)
()2 (5)(5)(2)(3) 2 O E @6

after simplification, we find

-3, 2, 3 5929
3 F L2 2] = 0
K 2[ B2 ] 14144

Now taking right-hand side of (2.3) and setting m =3, a =35, b= 3, we get

3 HEEGO@E) - 5929
BN — 14144

Hence L.H.S=R.H.S
Similarly, we can verify the remaining results numerically.
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6. Conclusion

We conclude our present investigation by observing that several further interesting hypergeometric summation
formulas for terminating series 4F5(1), reduction formulas for the Gaussian hypergeometric functions sFy, 4F3
and 5F; with the argument —Z and general double-series identity (which is the generalization of a reduction
formula for Srivastava—Daoust double hypergeometric function with arguments z and —z) can be obtained in
an analogous manner. Moreover, it is hoped that the results derived in this paper will find useful applications

in a wide range of problems of mathematics, statistics and the physical sciences.
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