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Abstract: In this paper, we establish some congruences involving the trinomial coefficients and harmonic numbers. For

example, for any prime p > 3,

S (p; 1) He=0 (mod p).
k=0

2
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1. Introduction

The harmonic numbers H,, are defined by

"1
Hy=0 and anszornZL
i

i=1

In [4], for arbitrary integer m > 1 and complex number n,

(1+x+x2+---+xm)n :Z<Z) zk.

k>0

For m =2, (}), is the trinomial coefficient. It is seen ([4, 7, 8]) that

(Z)m N i_g/:mw <k: i z) - <TZ)

where [.] denote ceiling functions. The congruence properties for the trinomial coefficients have been investi-

gated by several authors (see [1, 3, 13]). Recently Elkhiri and Mihoubi gave the following identity (see [6])

k .
n n n k—2i)m
= E . . ] COS Q .
k), “ i) \k—1 3
=0
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Apagodu and Liu [2] gave that for any prime p > 5 and integer j with 0 < j < p,

kzo (1), =0 EEEL moa

If p is a prime and a is an integer not divisible by p, Fermat little theorem is given by a?~! =1 (mod p). This

is the origin of the definition of the Fermat quotient of p to base a,

which is an integer according to Fermat little theorem.

For an odd prime p and an integer a, the Legendre symbol is defined by

0 if pla,
(> = 1 if a is a quadratic residue modulo p,
—1 if a is a quadratic nonresidue modulo p.

Note that

(p){ 1 ifp=1 (mod 3),

3 -1 ifp=2 (mod 3).

Some sums of harmonic numbers are given as follows [12]: For any positive integer m,

" n+1 1

E EH, = pm H - 1.1

=1 * ! m+1< e m+1>’ 1)
- % (-1)" -1 1

(-1)"Hy = (2) Hn+ 5 Hipyap, (1.2)
k=1

where k= k(k—1)---(k—m+ 1) and L.J denote floor functions.
Let p be any prime and n be integer not divided by p. For 0 <k <p—1,

(npk_ 1) = (-1 ﬁl (1 - n]p) = (~1)" (1 —npHy)  (mod p*). (13)

Let p be an odd prime. The following results are well-known:

1 p—1 (_1)k71
qp (2) = 3 — (mod p), (1.4)
k=1
and for 0 <k <p-—1,
H,_1_x = H, (mod p). (1.5)
Lehmer [10] gave that for any prime p > 3,
3
H(p-1)/3) = =54 (3)  (mod p). (1.6)
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Elkhiri et al. [5] proved that for any prime p > 3,

[(p—1)/3]
Hgk =

ap (3) (mod p) ifp=1 (mod 3),

(M
W=

k=1 g (3) (modp) ifp=2 (mod 3).

W=
o=

The Catalan numbers are given by

1 2n 2n 2n
Cum ()= () (), men- i,

Koparal and Omiir [9] established that for any odd prime p,

(r-1)/2 2 (1= 4n)"2 1) - (VI g+ )P - (VT dw - )"
S Gttt = - (mod p).
k=1

where z is an integer not divisible by p.

Elkhiri and Mihoubi [6] showed following congruences that for any prime p > 3,

(")
3k /,

np—1
3k+1),

k E
np—1 1 1 9
= — d

<3k+2>2 ”p<zo3i+2 §3i+1> (mod p7),

where n and k are positive integers. They obtained that for any prime p > 3,
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=

pz—:l (np B 1) _ 1+npg,(3)  (modp?) ifp=1 (mod 3),
e AN 0  (mod p?) ifp=2 (mod 3),

and

1¢,(3)—1 (modp) ifp=1 (mod 3),

lp/3]—1 1 2
kz_: Bkt 1 0 (mod p) ifp=2 (mod 3),
Lp§—1 1 - % (mod p) ifp=1 (mod 3),
k+2 :
o Skt l(g,(3)—1) (modp) ifp=2 (mod 3).

2. On congruences

In this section, firstly we will start with some lemmas for further use:
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Lemma 2.1 For any prime p > 3, we have

L(p—1)/3] k

—1 2
> =20 mody) (2.)
k=1

[(p—1)/3] k (p—4)/3 k
(1 _ O (23)
Lo 3k—1 Zo 3k +2
(/3 e A8
With the help of the congruence PO = PO T (mod p), we have
(r—4)/3 k -1 k (p—4)/3 ko (p—4)/3 k
S -1)" _ (-l n (=1 s (=1
P 3k+2 Pt k P 3k+1 = 3k+3
p—1 k (r—1)/3 k
-1 2 -1
= (G =D (mod p).
k 3 k
k=1 k=1
(/3 e
By (1.4), (2.3) and Y =+ = —2¢,(2) (mod p), we have the result. Similarly, for p = 2 (mod 3), using
k=1
the equality
(r—2)/3 ko (p=2)/3 ko (p—2)/3 k -1 k
I i = e
3 k 3k+1 3k—1 ko
k=1 k=0 k=1 k=1

the desired result is obtained. Proof of (2.2) is similar to proof of (2.1). Thus, the proof of Lemma 2.1 is

complete. O

Lemma 2.2 For integer numbers n >0 and m > 1, we have

LH/Z"LJ (71)k(m+1) n ny i (71)71,]c 2n n

k=0 k mk B k=0 k n—k m—l.
Proof Consider that

& e ()

k=0

@ {1+ o) (1 (7))

[2™] {(1 + )" (1 o (—x)mfl)n}

G &6, )
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By product of generating functions, we get

[n/m]

]; (—1)k0m+D) (Z) (n’;k> = [2"] i <ik0 (—1)F <22”) (k:ii)m_) "

k=0

= ™ <2zn ) (ni z) —

as claimed.

Corollary 2.3 For any prime p > 3, we have

k=0 k=0

L(p+3)/6]

2; aﬁi_jn<ﬁ)<§:_;>__(I%przwéiﬂ(k;1)<Q}_?¥2>2 (mod p).

Proof We will give proof of (2.4). Setting n = (p — 3) /2, m = 3 in Lemma 2.2, we write

(I - S e ),

k=0 k=0
In view of equality ((”,;i)l/ %) = 2(pk_+11) ((1”:)/ %), we have
4W§¥”%+n&k+n(@—DM)Cp—nm>
Pt (p—1)° k+1 3k+1

(-p-ve @ P (p=1\( (p—3)/2
oomemn X M0 () (o),

(2.4)

By the congruences (—1)" R —% (mod p) and for 1 <k < (p—1)/2, (*7P/?) = 2L (3) (mod p),

(—)F \k

we have the proof. Similarly, the other congruence is given. This concludes the proof.

Lemma 2.4 Let p > 3 be a prime number and n be a positive integer. Then

L(p—1)/3] np—1\ —24+p(Zn—3ng, (3)+3) (modp?) ifp=1 (mod 3),
5 Z k( 3k ) - 1 13 1 1 2\
k=0 2 —24+p(En—1ing,(3)— %) (modp?) ifp=2 (mod 3),
_ 1 1 11 2y ip. —
L(pfi/?d np— 1 F0@p+4) —3np (e (3)+ %)  (modp®) ifp=1 (mod 3),
(3k+1) ( ) =
k=1 341/, 1-% (1™ +3) (mod p?) ifp=2 (mod 3),
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L(p§/3j b 2) < 1) inp  (mod p?) ifp=1 (mod 3),

I _
k=1 3k +2 Snp  (mod p?) ifp=2 (mod 3).
Proof Firstly, we will give the proof of (2.5). From (1.9), we have

L(p—1)/3] np— 1 L(p—1)/3] 9 k=1
= 1-— H
> k( ok )2 Z k( np( k+231+2>>
k=0 =0
L(p—1)/3] L(r—1)/3] Lp-1)/3] &
DRSS MR UASS WD o
[(p—1)/3]

L(p—1)/3]

and using some elementary operations, we get
L(p—1)/3] 1
>+ )
Py 3k /,

L(p—1)/3]

L(p—1)/3]

9 L(p—1)/3] 1
Z k— gnp Z kH, —np Z
k=0 k=0

[(p—1)/3] 1 [(p—1)/3]
S klw S mhow Y
k=0 k=0

3i—1 Z K

=1

1|p-1 p—1 _k(k-1)
sk—l(ﬂ P )
k=1
np L(p—1)/3] L(p—1)/3]
= (HF)

2
2 L(P—l)/3J np L(p—1)/3] 1
k— = kH), — — 1--£

wp | p—11(|p—1 lp-1)/3
e [ Y e
QM({ SRUIDY

L(p=1)/3]
1 ~1 ~1 2
= = (1 + @) P (= +1
2 6 3 3

| +1) =0 (mod p) and (1.1), we write
[(p—1)/3]

np—1
Z k ( > =
P 3k /,

(e

wp (2 p—1|/lp—1 le=1)/3)
LG () X

D (5 ) - [

3k—1

_np|p—1
9 3

2
31 (mod p?).

3

-1

3J + 1) HL(pl)/3J) (mod p°).
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(1.6) yields that
L(p—1)/3]

np—1 . § np p—1 p—1 _np p—1
o #("), = a0 Feme) 5 (155 ) -5 )

k=0
(5] ) e

According to the cases of p, the proof of (2.5) is clearly obtained. With the help of (1.6), (1.10) and (1.13), the

proof of (2.6) is similar to the proof of (2.5). Also from (1.11), (1.13) and (1.14), the proof of (2.7) is obtained.
O

Lemma 2.5 Let p > 3 be a prime number and n be a positive integer. Then

L(p—1)/3] o — L+np(2,(3) + 2p(2)) (modp?) ifp=1 (mod 3),
> o () = 3
k=0 2 np (%qp(Z) —2¢,(3)) (mod p?) ifp=2 (mod 3),

L(p—2)/3] e (- N 14(3) — 3¢p(2)  (mod p?) ifp=1 (mod 3),
kZ_() =1) (37€+1>2:np L10(3)— 1o (2 2y ifgp =
= 2%(3) = 59(2)  (modp?) ifp=2 (mod 3),

and

L(p—3)/3]
Z (—1)* <gz; ;>2 =np (leqp(3) — gqp(2)> (mod p?).
k=0

Proof Using (1.9), (1.10), (1.11), together with (1.2), (1.14), Lemma 2.1, the proof is similar to proof of

Lemma 2.4. O

Lemma 2.6 Let p > 3 be a prime number and n be a positive integer. Then

e1/3) p 1 1 —14+p (%2 —ngy(3)) (modp?) ifp=1 (mod 3),
3k ==
Z (3) ( 3k )2 32 3 13 N ap
k=0 1= 2p+np(qp(3)— 1)  (modp?) ifp=2 (mod 3),
L(p§/3J ( ; np— 1 £ (20-9p) —np (2 - 5, (3))  (mod p?) ifp=1 (mod 3),
3k+1 ( ) =
k=1 Sk+1/, =Bp+22)—np (3 —2¢,(3)) (modp?) ifp=2 (mod3),
and
L(»=3)/3] B 115np  (mod p?) ifp=1 (mod 3),
Y 2t (30,), =5
k=1 T2/2 130np  (mod p?) ifp=2 (mod 3).

Proof With the help of (1.1), (1.6), (1.9), (1.10), (1.11) and (1.13), the proof of Lemma 2.6 is similar to proof

of Lemma 2.4. O

Now, we will give main theorems.
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Theorem 2.7 Let p > 3 be a prime number and n be a positive integer. Then

pz—f 1) <np B 1) _ 14+ %2¢y(3) (modp?) ifp=1 (mod 3),
2 —%ap(3)  (modp?) ifp=2 (mod 3),

f kS
(=)

Nl
RS

3

hS]
S

—_
N———
(V)

I
Wl =

{2(1+p(nqp(3)—1)) (mod p?) ifp=1 (mod 3),

14+p(ng, (3) —n+1) (mod p?) ifp=2 (mod 3),

and

k=

p—1 o (np _ 1> 1 (n—2)p  (mod p?) ifp=1 (mod 3),
0 2 3| 14 np(gp (3) — 1) (mod p?) ifp=2 (mod 3).
Proof We will give the proof of (2.9). Consider that

P
Z k(npk— 1)
k=0 2

L N e wpo 1y Lo np— 1
3 Sk( . )2+ S Gkt )(3k+1> D SNCE >(3k+2)2

k=0 k=0 =0
Rl np 1 2 np —1 np — 1
= > 3k + > Bk+1) +
3k+1/, 1),
k=0 k=1

L(p—3)/3]

p—1 np—1
SE e () (),

The equalities ("pl_l)2 = (”pl_l) and ("p2_1)2 = ("1’1_1)2 — ("pz_l) yield that

3 (np . 1>
Z K k
k=0 2

(2.9)

L(p—1)/3] Lo N Loy .
- 2
= —1+ Z 3k( )2+ > (Bk+1) <3k ) + Y (Bk+2) (3k ) (mod p?).

k=1 k=1

With the help of Lemma 2.4, for p =1 (mod 3),

1 1 11 17
) ts (Bp+4)— 3Mp (qp (3)+ 3> + 15"

1l

|
—

|
Wi
+
bS]
N
&l o
3
w

S5
<«
_|_
=
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and for p =2 (mod 3),

p—1
np— 1 1 13 1 1 17 p 5
Sk = 1 -4 Zpn—png,(3) — —p+1— —~pn-L 42
( k )2 3 TP T gPne (B) —gp o g G gne

= —3(+p(ng(3)—n+1)  (modp?).

So, the proof of the congruence is complete. Similarly, with the help of Lemmas 2.5 and 2.6, proofs of the other

congruences are clearly obtained. O

Theorem 2.8 For any prime p > 3, we have

pil <p B 1> Y —34p(3)  (modp) ifp=1 (mod3),
k» =
N ks 0  (mod p) ifp=2 (mod 3).

Proof By product of generating functions, we obtain

S ()0, - mE () ()

[
=)
3

=
e

|

=
ol
7 N
>~ 3
N———
[V}
)
=
N—————
7~
MM
[}
VRS
>~ 3
N———
8
x>
N——

Il
=X
2
—~
—
+

8
\_C;J

3

I
=X
3
—
(]2
Y
> 3
N~

w

Ea
N~

This identity with n =p — 1 and (1.3) yield that
p—1 p—1 (—1)P~ /3 (1-pH ) (modp?) p=1 (mod 3)
p—1 p—1 Pit(p—-1)/3 p p= )
Z k -p Z Hy L =
k=0 2 k=0 2 0 (mod p?) p=2 (mod 3).
From here, using (1.6) and (1.12), the desired result is clearly obtained. a

Theorem 2.9 For any prime p > 3, we have

,)2_:1 (—1)* (p; 1>2Hk =0 (mod p).

k=0

Proof It is known (see the sequence A082759 in the OEIS) that

()G, - ()6 @10
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Substuting n = p — 1 in this equality, by (1.3) and for 0 < k < p -1, (2p_]3_k) = (-1)F (215111) (mod p), we

have
ppi(—l)’c (p; 1>2Hk zpi(—l)’“ (p; 1)2 S (2:;1) i (2:;1) r (mod p?).

5O -'S @) =50+ (8) (mod 52 [14) we write

I
T
=

ol
Y
iS]
En|
—_

« po (-1)/2
- k=0 (_1>k (p; 1)2 B % (1 + (g)) TP (2’;) (zkk)Hk - ;;) Cka> (mod p2).

p—1 -
With the help of (1.8) and . (3)Hy = (2) 1‘?5 " (mod p)[11], we write
k=0

Py (0 (7,1
- S (), 50 3)

V3 4+ )P L (VI3 - )P — o ((—3)P D2 g Cape1
(( )7 ( 2) ( )+2(§>1 ) mod ).
P p
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(2.8) and
p+1 p+1 [ =2 p=1 (mod 3),
((\/—3 +1)7 +(V-3-1) ) /2 = { 27+l p=2 (mod 3),
yield that
p—1
(-1 (p N 1) H
k=0 ko /s
_19)(p-1D/2_ :
(12)1171 —2¢,(3)—¢,(2) (modp) ifp=1 (mod 3),

If
w

1+(,12)(1’*1)/2

14,(3) +qp (2) + 2 (mod p) ifp=2 (mod 3).

From here, for p =1 (mod 3), we have

3(2r (-3)" 2 gt 41— )

Zz_;t(—l)k <p; 1>2H;€ = o (mod p)
3 <1 _ ((_3)(p—1)/2)2 _op (1 3 (_3)(p_1)/2)>
= 5
3 (1 _ (_3)(1771)/2) (1 oy (_3)(;771)/2)
= >
_(_gye-1/2)?
= *3 <1 = ) (mod p).

2p

By (_73) =1 (mod p), the desired result is complete. Similarly, by (_73) = —1 (mod p), the other congruence

is obtained. Thus we have the proof. O

Theorem 2.10 For any prime p > 3, we have

p—1 p—1 gp (3)  (mod p) ifp=1 (mod 3),
321:( . ) Hy =
k=1 2

36, (3)—2 (modp) ifp=2 (mod 3).
Proof Setting n=p—1, m =3 in Lemma 2.2, we have

= k 3k ;

(PP,
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and from (1.3),

L(p—1)/3]
> (1—pHy —pHs)
k=0
- St )0, e ()
o — p—k k), 2p—1 D
-k p—1
= _1\P _ - _1\P _
= (-1 > 5 (1 2pHp_k)< . >2+( 1) 2p_1(1 9pH,)
= p—1 p
= (-1 k—(1—2k)p)(1—2pH,_ B — (=1
-0 -20m -2 (7)) S gty

bS]
—

Y (2pkH,_j + (1 — 2k) p — k) (pk1> —p (mod p?).
k=1 2
Hence we write
p—1 p—1\ _ [(p—1)/3] p—1 1 i
QPEka—k( i )2: Z (1 —pHy, — pHsy) Z — 2pk — k) ( . )2+p (mod p?).

k=0 k=1

By (1.1) and some elementary operations, we have

S (1), = [ o rn (25 1) - 552 4o

Lp—1)/3] p—1 p—1
2
—p Z Hgk—; —2pl<;—k:)( k )2 (mod p*).

For p=1 (mod 3), by (1.7), (1.12) and (2.9),

L p—1 p—1 p—1 p—1
QPZkafk i =3 +1-p 3 + 1) Hp-1)3) — 3 |) TP
k=1 2

1 1

(3 50®) -3 @@ -0 3 ().

With the help of (1.6), we have
p—1 p—1
2 _
i),
k=1

and by (1.5), we have the proof for p =1 (mod 3). Similarly, for p =2 (mod 3), the proof complete. O

2
3Pap (3)  (mod p?),
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