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1. Introduction
Let D be the open unit disc in the complex plane C and H(D) be the class of all analytic functions on D .
Every positive and continuous function on D is called a weight. Suppose that n ∈ N0 = {0, 1, 2, ...} and µ be

a weight. The nth weighted type space W(n)
µ (D) = W(n)

µ consists of all analytic functions on D for which the
following statement is finite

bW(n)
µ

(f) := sup
z∈D

µ(z)|f (n)(z)|.

The above statement is just a semi norm and W(n)
µ is a Banach space equipped with the norm

∥f∥W(n)
µ

=

n−1∑
i=0

| f (i)(0) | +bW(n)
µ

(f),

See for example [1, 9, 10]. Let α > 0 . Then W(1)
(1−|z|2)α = Bα (Bloch type space), W(2)

(1−|z|2)α = Zα (Zygmund

type space) and W(1)

(1−|z|2) log 2
1−|z|2

coincides with the logarithmic Bloch space Blog . Also W(0)
µ = Hµ (weighted

type space), W(1)
µ = Bµ(weighted Bloch space) and W(2)

µ = Zµ (weighted Zygmund space). For more informa-
tion about Bloch type spaces or Zygmund type spaces see [8, 15, 16].

For 0 < p < ∞ a function f ∈ H(D) belong to the Hardy space Hp if

∥f∥Hp = sup
0<r<1

( 1

2π

∫ 2π

0

|f(reiθ)|pdθ
) 1

p

< ∞.
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where 0 < p < ∞ . If 1 ≤ p < ∞ , Hp is a Banach space and if 0 < p < 1 , Hp is nonlocally convex topological
vector space and in this case it is a complete metric space (see [4]).

For Banach spaces X and Y and a continuous linear operator T : X → Y, the essential norm is the
distance of T from the space of all compact operators, that is

∥T∥e = inf{∥T −K∥ : K : X → Y is compact}.

T is compact if and only if ∥T∥e = 0 .
Let u, v ∈ H(D) and φ ∈ S(D) , the set of all analytic self-maps of D . The Stević-Sharma type operator

is defined as follows

Tu,v,φf(z) = u(z)f(φ(z)) + v(z)f ′(φ(z)), f ∈ H(D), z ∈ D.

Indeed Tu,v,φ = uCφ + vCφD where D is the differentiation operator and Cφ is composition operator. More
information about this operator can be found in [7, 11, 12].

From the above definition we generalize the Stević-Sharma type operator. Let m ∈ N , u, v ∈ H(D) and
φ ∈ S(D) . We denote the generalized Stević–Sharma type operator with Tm

u,v,φ and define it as follows:

Tm
u,v,φf(z) = (uCφf)(z) + (Dm

φ,vf)(z) f ∈ H(D), z ∈ D,

where Dm
φ,u is the generalized weighted composition operator. When v = 0 , then Tm

u,0,φ = uCφ is the well-
known weighted composition operator. If u = 0, , then, Tm

0,v,φ = Dm
φ,v and for m = 1 , Tm

u,v,φ is Stević–Sharma
type operator.

For n, k ∈ N0 and k ≤ n , the partial Bell polynomials are triangulares

Bn,k(x1, x2, ..., xn−k+1) =
∑ n!∏n−k+1

t=1 jt!

n−k+1∏
t=1

(
xt

t!
)jt .

In the above equation we take the sum over all sequences j1, j2, ..., jn−k+1 of nonnegative integers with the
following properties

n−k+1∑
t=1

jt = k and
n−k+1∑
t=1

tjt = n.

See [3, pp 134].

In this paper, first we obtain some characterizations for boundedness of operator Tm
u,v,φ : Hp → W(n)

µ .
Then estimations for the essential norm of these operators are given. Finally some equivalence conditions for
compactness of generalized Stević-Sharma type operators from Hardy spaces into nth weighted type spaces
are presented. As some applications, we get some characterizations for boundedness, essential norm and
compactness of (generalized) weighted composition operators from the Hardy spaces into nth weighted type
spaces.

By A ⪰ B we mean there exists a constant C such that A ≥ CB and A ≈ B means that A ⪰ B ⪰ A .

2. Preliminaries
This section is devoted to giving some lemmas we use in the next sections.
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Lemma 2.1 ([16], Propositions 7 and 8) Let α > 0 and H∞
α = W(0)

(1−|z|2)α . Then H∞
α = Bα+1 . Moreover,

for any f ∈ Bα and n ∈ N ,

∥f∥Bα ≈
n∑

i=0

|f (i)(0)|+ sup
z∈D

(1− |z|2)α+n|f (n+1)(z)|.

Lemma 2.2 ([5], Lemma 2.1) Let α > 0 . The sequence {jα−1zj}∞1 is bounded in Bα
0 and

lim
j→∞

jα−1∥zj∥Bα =
(2α

e

)α

.

Lemma 2.3 ([4]) Let 0 < p < ∞ , n ∈ N0 and f ∈ Hp . Then

|f (n)(z)| ⪯ ∥f∥Hp

(1− |z|2)
1
p+n

, z ∈ D.

Let u ∈ H(D) , i and n be integer numbers. For simplicity in calculation, we set

In,ui,φ (z) =

{ ∑n
l=i

(
n
l

)
u(n−l)(z)Bl,i(φ

′
(z), ..., φ(l−i+1)(z)) 0 ≤ i ≤ n ∈ N0

0 otherwise

The proof of next lemma resembles to the proof of Lemma 4 [10], therefore it is omitted.

Lemma 2.4 Let f, u, v ∈ H(D) , φ ∈ S(D) and m,n ∈ N0 . If Tm
u,v,φ = uCφ +Dm

φ,v , then

(
Tm
u,v,φf

)(n)

(z) =

m+n∑
i=0

f (i)(φ(z))(In,ui,φ + In,vi−m,φ)(z).

For any a ∈ D and j ∈ N , set

fj,a(z) =
(1− |a|2)j

(1− az)
1
p+j

. (2.1)

One can see that fj,a ∈ Hp , for each j ∈ N , supa∈D ∥fj,a∥Hp < ∞ and fj,a converges to 0 as |a| → 1 .

Lemma 2.5 Let m,n ∈ N such that n ≥ m . For any 0 ̸= a ∈ D and i ∈ {0, 1, ...,m + n} , there exists a
function gi,a ∈ Hp such that

g
(k)
i,a (a) =

akδik

(1− |a|2)
1
p+k

,

where δik is Kronecker delta. If i ∈ {0, 1, ...,m − 1}, then gi,a ∈ span{f1,a, ..., fm,a} and for i ∈ {m, ..., n} ,
gi,a ∈ span{fm+1,a, ..., fn+1,a} also when i ∈ {n+ 1, ...,m+ n}

gi,a ∈ span{fn+2,a, ..., fm+n+1,a}.
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Proof For any fixed 0 ̸= a ∈ D and coefficients c1, ..., cm+n+1 we set

e1,a,c1,...,cm(z) =

m∑
j=1

cjfj,a(z),

e2,a,cm+1,...,cn+1
(z) =

n−m+1∑
j=1

cj+m∏m−1
t=0 (m+ j + 1

p + t)
fj+m,a(z)

e3,a,cn+2,...,cm+n+1(z) =

m∑
j=1

cj+1+n∏n
t=0(n+ 1 + j + 1

p + t)
fj+1+n,a(z),

where fj,a are defined in (2.1) . For each i ∈ {0, 1, ...,m+ n} the system of linear equations

e1,a,c1,...,cm(a) =
1

(1− |a|2)
1
p

m∑
j=1

cj =
δi0

(1− |a|2)
1
p

...

e
(m−1)
1,a,c1,...,cm

(a) =
am−1

(1− |a|2)m−1+ 1
p

m∑
j=1

cj

m−2∏
t=0

(j +
1

p
+ t) =

am−1δi(m−1)

(1− |a|2)m−1+ 1
p

e
(m)
2,a,cm+1,...,cn+1

(a) =
ām

(1− | a |2)m+ 1
p

n−m+1∑
j=1

cj+m =
amδim

(1− | a |2)m+ 1
p

...

e
(n)
2,a,cm+1,...,cn+1

(a) =
an

(1− | a |2)n+
1
p

n−m+1∑
j=1

cj+m

n−1∏
t=m

(m+ j +
1

p
+ t) =

anδin

(1− | a |2)n+
1
p

e
(n+1)
3,a,cn+2,...,cm+n+1

(a) =
ān+1

(1− | a |2)n+1+ 1
p

m∑
j=1

cj+1+m =
an+1δi(n+1)

(1− | a |2)n+1+ 1
p

...

e
(m+n)
3,a,cn+2,...,cm+n+1

(a) = . . . =
am+nδi(m+n)

(1− | a |2)m+n+ 1
p

has a unique solution [9, Lemma 2.3] which is independent of the choice of a and therefore it can be shown by
(ci1, c

i
2, ..., c

i
m+n+1) . Now we set

gi,a(z) = e1,a,ci1,...,cim(z) + e2,a,cim+1,...,c
i
n+1

(z) + e3,a,cin+2,...,c
i
m+n+1

(z).

2

The proof of the following lemma is similar to the proof of the previous lemma so it is omitted.

Lemma 2.6 Let m,n ∈ N such that n < m . For any 0 ̸= a ∈ D and i ∈ {0, ..., n} ∪ {m, ...,m + n} , there
exists a function gi,a ∈ Hp such that

g
(k)
i,a (a) =

akδik

(1− |a|2)
1
p+k

.
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Also for i ∈ {0, 1, ..., n} then gi,a ∈ span{f1,a, ..., fn+1,a} and when i ∈ {m,m+ 1, ...,m+ n}

gi,a ∈ span{fm+1,a, ..., fm+n+1,a}.

In Sections 3 and 4, m,n ∈ N , 0 < p < ∞ , u, v ∈ H(D) , µ is a weight and φ ∈ S(D) .

3. Boundedness
In this section, we give some necessary and sufficient conditions for the generalized Stević–Sharma type operators
to be bounded.

Theorem 3.1 Let u ∈ W(n)
µ . If n ≥ m , then the following statements are equivalent.

(i) The operator Tm
u,v,φ : Hp → W(n)

µ is bounded.

(ii) If pj(z) = zj , then supj≥1 j
1
p ∥Tm

u,v,φpj∥W(n)
µ

< ∞ .

(iii) For each i ∈ {0, 1, ...,m+ n} , supa∈D ∥Tm
u,v,φfi+1,a∥W(n)

µ
< ∞ and supz∈D µ(z)

∣∣∣(In,ui,φ + In,vi−m,φ)(z)
∣∣∣ < ∞.

(iv) For each i ∈ {0, 1, ...,m+ n} , supz∈D

µ(z)

∣∣∣(In,u
i,φ +In,v

i−m,φ)(z)

∣∣∣
(1−|φ(z)|2)

1
p
+i

< ∞.

Proof (i) ⇒ (iii) For i ∈ {0, 1, ...,m+ n} , supa∈D∥fi+1,a∥Hp < ∞ , so

sup
a∈D

∥ Tm
u,v,φfi+1,a ∥W(n)

µ
≤∥ Tm

u,v,φ ∥
Hp→W(n)

µ
sup
a∈D

∥fi+1,a∥Hp < ∞.

Applying the operator Tm
u,v,φ to pj(z) = zj for j = 0, 1, ...,m+n respectively and using Lemma 2.4 , we obtain

the other part of (iii) .
(iii) ⇒ (iv) For any i ∈ {0, 1, ...,m+ n} and φ(a) ̸= 0 , by using Lemmas 2.4 and 2.5 , we obtain

µ(a) | φ(a) |i| (In,ui,φ + In,vi−m,φ)(a) |

(1− | φ(a) |2)i+
1
p

≤ sup
a∈D

∥Tm
u,v,φgi,φ(a)∥W(n)

µ
≤

m+n∑
j=1

| cij | sup
a∈D

∥Tm
u,v,φfj,a∥W(n)

µ
< ∞.

From the previous inequality,

sup
|φ(a)|> 1

2

µ(a) | (In,ui,φ + In,vi−m,φ)(a) |

(1− | φ(a) |2)i+
1
p

⪯
m+n∑
j=1

| cij | sup
a∈D

∥Tm
u,v,φfj,a∥W(n)

µ
< ∞,

and from (iii) , we get

sup
|φ(a)|≤ 1

2

µ(a) | (In,ui,φ + In,vi−m,φ)(a) |

(1− | φ(a) |2)i+
1
p

⪯ sup
|φ(a)|≤ 1

2

µ(a) | (In,ui,φ + In,vi−m,φ)(a) | < ∞.

Hence from last inequalities, we get (iv) .
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(iv) ⇒ (i) For any f ∈ Hp , by using Lemmas 2.4 and 2.3 , we have

µ(z)
∣∣∣(Tm

u,v,φf)
(n)(z)

∣∣∣ ≤µ(z)
∣∣∣m+n∑

i=0

f (i)(φ(z))(In,ui,φ (z) + In,vi−m,φ(z))
∣∣∣

≤∥f∥Hp

m+n∑
i=0

sup
z∈D

µ(z)
∣∣∣In,ui,φ (z) + In,vi−m,φ(z)

∣∣∣
(1− | φ(z) |2)

1
p+i

. (3.1)

Also for each k < n ∣∣∣(Tm
u,v,φf)

(k)(0)
∣∣∣ ≤ ∥f∥Hp

m+k∑
i=0

|(Ik,ui,φ + Ik,vi−m,φ)(0)|. (3.2)

Hence, from (3.1) and (3.2) , the operator Tm
u,v,φ : Hp → W(n)

µ is bounded.

(ii) ⇒ (iii) For each i ∈ {0, ...,m+ n} and a ∈ D

fi+1,a(z) = (1− |a|2)i+1
∞∑
j=0

Γ( 1p + i+ 1 + j)

j!Γ( 1p + i+ 1)
ājzj .

So,

∥Tm
u,v,φfi+1,a∥W(n)

µ
⪯ (1− |a|2)i+1

∞∑
j=0

ji+
1
p |ā|j∥Tm

u,v,φpj∥W(n)
µ

⪯ 2i+1 max{∥u∥W(n)
µ

, sup
j≥1

j
1
p ∥Tm

u,v,φpj∥W(n)
µ

}.

Therefore, supa∈D ∥Tm
u,v,φfi+1,a∥W(n)

µ
< ∞ . The proof of other part is similar to the proof (i) ⇒ (iii) .

(iv) ⇒ (ii) Let pj(z) = zj(j ≥ n) . By using Lemmas 2.1 , 2.2 and 2.4 , we get

j
1
pµ(z)|(Tm

u,v,φpj)
(n)(z)| ≤ µ(z)

m+n∑
i=0

j
1
p (1− | φ(z) |2)

1
p+i j!

(j − i)!
×

|φ(z)|j−i|(In,ui,φ + In,vi−m,φ)(z)|

(1− | φ(z) |2)
1
p+i

≤ sup
j

j
1
p ∥zj∥

B
1
p
+1

m+n∑
i=0

|(In,ui,φ + In,vi−m,φ)(z)|

(1− | φ(z) |2)
1
p+i

⪯
(2( 1p + 1)

e

) 1
p+1 m+n∑

i=0

|(In,ui,φ + In,vi−m,φ)(z)|

(1− | φ(z) |2)
1
p+i

. (3.3)

For any k < n , we have

j
1
p |(Tm

u,v,φpj)
(k)(0)| ⪯

(2( 1p + 1)

e

) 1
p+1 m+k∑

i=0

j
1
p
|(Ik,ui,φ + Ik,vi−m,φ)(0)|

(1− |φ(0)|2)
1
p+i

. (3.4)

From (3.3) and (3.4) , we obtain (ii) . The proof is completed. 2

In the same way as in the proof of Theorem 3.1 we can prove the following theorem, just use Lemma 2.6

instead of Lemma 2.5 .

Theorem 3.2 Let u ∈ W(n)
µ . If n < m , then the following statements are equivalent.
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(i) The operator Tm
u,v,φ : Hp → W(n)

µ is bounded.

(ii) If pj(z) = zj , then supj≥1 j
1
p ∥Tm

u,v,φ,upj∥W(n)
µ

< ∞ .

(iii) For each i ∈ {0, 1, ..., n} ∪ {m, ...,m+ n} , supa∈D ∥Tm
u,v,φfi+1,a∥W(n)

µ
< ∞ and

sup
z∈D

µ(z)
∣∣∣(In,ui,φ + In,vi−m,φ)(z)

∣∣∣ < ∞.

(iv) For each i ∈ {0, 1, ..., n} ∪ {m, ...,m+ n} , supz∈D

µ(z)

∣∣∣(In,u
i,φ +In,v

i−m,φ)(z)

∣∣∣
(1−|φ(z)|2)

1
p
+i

< ∞.

4. Essential norm
In this section, we obtain some estimates for the essential norm of generalized Stević–Sharma type operators
from Hardy spaces into nth weighted type spaces. Then we give some equivalence conditions for compactness
of such operators.

Theorem 4.1 Let Tm
u,v,φ : Hp → W(n)

µ is bounded. If n ≥ m , then

∥Tm
u,v,φ∥e ≈ max{Ai}m+n

i=0 ≈ max{Bi}m+n
i=0 ,

where

Ai = lim sup
|a|→1

∥Tm
u,v,φfi+1,a∥W(n)

µ
, Bi = lim sup

|φ(z)|→1

µ(z)
∣∣∣In,ui,φ (z) + In,vi−m,φ(z)

∣∣∣
(1− | φ(z) |2)

1
p+i

.

Proof For all i ∈ {0, ...,m + n} , supa∈D ∥fi+1,a∥Hp < ∞ and fi+1,a converge to 0 uniformly on compact

subsets of D as |a| → 1 . Using Lemma 2.10 [13], for any compact operator K from Hp into W(n)
µ , we get

lim
|a|→1

∥Kfi+1,a∥W(n)
µ

= 0.

Thus, for any i ∈ {0, ...,m+ n}

∥Tm
u,v,φ −K∥

Hp→W(n)
µ

⪰ lim sup
|a|→1

∥(Tm
u,v,φ −K)fi+1,a∥W(n)

µ

≥ lim sup
|a|→1

∥Tm
u,v,φfi+1,a∥W(n)

µ
− lim sup

|a|→1

∥Kfi+1,a∥W(n)
µ

= Ai.

So,

∥Tm
u,v,φ∥e = inf

K
∥Tm

u,v,φ −K∥
Hp→W(n)

µ
⪰ max{Ai}m+n

i=0 .

Now, we prove that

max{Bi}m+n
i=0 ⪯ ∥Tm

u,v,φ∥e. (4.1)
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Let {zj}j∈N be a sequence in D such that |φ(zj)| → 1 as j → ∞ . Since Tm
u,v,φ : Hp → W(n)

µ is bounded, using

Lemmas 2.4 and 2.5 for any compact operator K : Hp → W(n)
µ and i ∈ {0, ...,m+ n} , we obtain

∥Tm
u,v,φ −K∥

Hp→W(n)
µ

⪰ lim sup
j→∞

∥Tm
u,v,φ(gi,φ(zj))∥W(n)

µ
− lim sup

j→∞
∥K(gi,φ(zj))∥W(n)

µ

⪰ lim sup
j→∞

µ(zj) | φ(zj) |i| In,ui,φ (zj) + In,vi−m,φ(zj) |

(1− | φ(zj) |2)i+
1
p

= Bi.

From the last inequality, we get (4.1) .
For each 0 < r < 1 we consider the compact operator Kr on Hp given by Krf(z) = fr(z) = f(rz) . Let

{rj} ⊂ (0, 1) be a sequence such that rj → 1 as j → ∞ . Since fr → f uniformly on compact subsets of D as

r → 1 then for any positive integer j , the operator Tm
u,v,φKrj : Hp → W(n)

µ is compact. So

∥Tm
u,v,φ∥e ≤ lim sup

j→∞
∥Tm

u,v,φ − Tm
u,v,φKrj∥. (4.2)

Hence, it is sufficient to prove that

lim sup
j→∞

∥Tm
u,v,φ − Tm

u,v,φKrj∥ ⪯ min{max{Ai}m+n
i=0 ,max{Bi}m+n

i=0 }.

For any f ∈ Hp such that ∥f∥Hp ≤ 1 ,

∥(Tm
u,v,φ − Tm

u,v,φKrj )f∥W(n)
µ

≤

n−1∑
t=0

∣∣∣∣(Tm
u,v,φ(f − frj )

)(t)

(0)

∣∣∣∣︸ ︷︷ ︸
St

+ sup
|φ(z)|≤rN

µ(z)

∣∣∣∣∣
m+n∑
k=0

(f − frj )
(k)(φ(z))

(
In,uk,φ + In,vk−m,φ

)
(z)

∣∣∣∣∣︸ ︷︷ ︸
H1

+ sup
|φ(z)|>rN

µ(z)

∣∣∣∣∣
m+n∑
k=0

(f − frj )
(k)(φ(z))

(
In,uk,φ + In,vk−m,φ

)
(z)

∣∣∣∣∣︸ ︷︷ ︸
H2

, (4.3)

where N ∈ N such that rj ≥ 2
3 for all j ≥ N . Since (f − frj )

(s) → 0 uniformly on compact subsets of D as
j → ∞ , for any nonnegative integer s , then Theorem 3.1 implies that

lim sup
j→∞

H1 = lim sup
j→∞

St = 0 (t = 0, ..., n− 1). (4.4)

Also

H2 ≤
m+n∑
k=0

sup
|φ(z)|>rN

µ(z)|f (k)(φ(z))||(In,uk,φ + In,vk−m,φ)(z)|︸ ︷︷ ︸
M2,k

+

m+n∑
k=0

sup
|φ(z)|>rN

µ(z)|rkj f (k)(rjφ(z))||(In,uk,φ + In,vk−m,φ)(z)|︸ ︷︷ ︸
N2,k

. (4.5)
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For M2,k , k ∈ {0, . . . ,m+ n} , from Lemmas 2.3 , 2.4 and 2.5 , we get

M2,k = sup
|φ(z)|>rN

µ(z)
(1− |φ(z)|2)k+

1
p |f (k)(φ(z))|

|φ(z)|k
×

|φ(z)|k|(In,uk,φ + In,vk−m,φ)(z)|

(1− |φ(z)|2)k+
1
p

⪯ ∥f∥Hp sup
|φ(z)|>rN

∥Tm
u,v,φgk,φ(z)∥W(n)

µ
⪯

m+n∑
j=0

|ckj+1| sup
|a|>rN

∥Tm
u,v,φfj+1,a∥W(n)

µ

As N → ∞ , we obtain

lim sup
j→∞

M2,k ⪯
m+n∑
i=0

lim sup
|a|→1

∥Tm
u,v,φfi+1,a∥W(n)

µ︸ ︷︷ ︸
Ai

⪯ max{Ai}m+n
i=0 and lim sup

j→∞
M2,k ⪯ Bk. (4.6)

Similarly, we get

lim sup
j→∞

N2,k ⪯
m+n∑
i=0

lim sup
|a|→1

∥Tm
u,v,φfi+1,a∥W(n)

µ︸ ︷︷ ︸
Ai

⪯ max{Ai}m+n
i=0 and lim sup

j→∞
N2,k ⪯ Bk. (4.7)

Thus, by using (4.3), (4.4), (4.5), (4.6) and (4.7) , we obtain

lim sup
j→∞

∥Tm
u,v,φ − Tm

u,v,φKrj∥Hp→W(n)
µ

= lim sup
j→∞

sup
∥f∥Hp≤1

∥(Tm
u,v,φ − Tm

u,v,φKrj )f∥W(n)
µ

⪯ max{Ai}m+n
i=0

and

lim sup
j→∞

∥Tm
u,v,φ − Tm

u,v,φKrj∥Hp→W(n)
µ

⪯ max{Bi}m+n
i=0 .

Hence, from (4.2) ,

∥Tm
u,v,φ∥e ⪯ min{max{Ai}m+n

i=0 ,max{Bi}m+n
i=0 }.

The proof is completed. 2

The proof of the next theorem is similar to the proof of Theorem 4.1 , except that we use Lemma 2.6

instead of Lemma 2.5 .

Theorem 4.2 Let Tm
u,v,φ : Hp → W(n)

µ is bounded. If n < m , then

∥Tm
u,v,φ∥e ≈ max{{Ai}ni=0 ∪ {Ai}m+n

i=m } ≈ max{{Bi}ni=0 ∪ {Bi}m+n
i=m },

where

Ai = lim sup
|a|→1

∥Tm
u,v,φfi+1,a∥W(n)

µ
, Bi = lim sup

|φ(z)|→1

µ(z)
∣∣∣(In,ui,φ + In,vi−m,φ)(z)

∣∣∣
(1− | φ(z) |2)

1
p+i

and i ∈ {0, 1, ...n} ∪ {m, ...,m+ n} .
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Theorem 4.3 Let Tm
u,v,φ : Hp → W(n)

µ is bounded. If n ≥ m , then the following statements are equivalent.

(i) The operator Tm
u,v,φ : Hp → W(n)

µ is compact.

(ii) If pj(z) = zj then, limj→∞ j
1
p ∥Tm

u,v,φ,upj∥W(n)
µ

= 0.

(iii) For each i ∈ {0, 1, ...,m+ n} , lim sup|a|→1 ∥Tm
u,v,φfi+1,a∥W(n)

µ
= 0.

(iv) For each i ∈ {0, 1, ...,m+ n} lim sup|φ(z)|→1

µ(z)

∣∣∣(In,u
i,φ +In,v

i−m,φ)(z)

∣∣∣
(1−|φ(z)|2)

1
p
+i

= 0.

Proof By using Theorem 4.1 , (i), (iii) and (iv) are equivalent.
(ii) ⇒ (iii) For any given ϵ > 0 , there exists N ∈ N such that for k ≥ N ,

k
1
p ∥Tm

u,v,φpk∥W(n)
µ

< ϵ.

For any j ∈ {0, 1, ...,m+ n}

fj+1,a(z) = (1− |a|2)j+1
(N−1∑

k=0

+

∞∑
k=N

)Γ( 1p + j + 1 + k)

k!Γ( 1p + j + 1)
akzk.

So,

∥Tm
u,v,φfj+1,a∥W(n)

µ
≤ 2max{∥uφk∥W(n)

µ
}N−1
k=0 (1− |a|2)j(1− |a|N )

Γ( 1p +N + j)

N !Γ( 1p + j)
+ 2j+1ϵ.

Hence, lim sup|a|→1 ∥Tm
u,v,φfj+1,a∥W(n)

µ
≤ 2j+1ϵ. Since ϵ is arbitrary, we obtain

lim sup
|a|→1

∥Tm
u,v,φfj+1,a∥W(n)

µ
= 0.

(iv) ⇒ (ii) For any given ϵ > 0 and k ∈ {0, 1, ...,m + n} there exists a positive constant δ such that
δ < |φ(z)| < 1 ,

lim sup
|φ(z)|→1

µ(z)
∣∣∣(In,uk,φ + In,vk−m,φ)(z)

∣∣∣
(1− | φ(z) |2)

1
p+k

< ϵ. (4.8)

Let pj(z) = zj(j ≥ n) . By using Lemma 2.4 , we have

j
1
p ∥Tm

u,v,φpj∥W(n)
µ

≤

n−1∑
t=0

j
1
p

∣∣∣∣(Tm
u,v,φpj

)(t)

(0)

∣∣∣∣︸ ︷︷ ︸
St

+ sup
|φ(z)|≤rN

µ(z)

m+n∑
k=0

j
1
p

j!

(j − k)!
|φ(z)|j−k|(In,uk,φ + In,vk−m,φ)(z)|︸ ︷︷ ︸

H1

+ sup
|φ(z)|>rN

µ(z)

m+n∑
k=0

j
1
p (1− |φ(z)|2)

1
p+k j!

(j − k)!
|φ(z)|j−k

|(In,uk,φ + In,vk−m,φ)(z)|

(1− |φ(z)|2)
1
p+k︸ ︷︷ ︸

H2

. (4.9)
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From Theorem 3.1 , it is obvious that

lim sup
j→∞

H1 = lim sup
j→∞

St = 0 (t = 0, ..., n− 1). (4.10)

By using Lemma 2.1 , 2.2 and (4.8) , we obtain

H2 ⪯
(2( 1p + 1)

e

) 1
p+1 m−1∑

k=0

sup
|φ(z)|>δ

µ(z)|(In,uk,φ + In,vk−m,φ)(z)|

(1− |φ(z)|2)
1
p+k

⪯ ϵ

which implies that

lim sup
j→∞

H2 = 0. (4.11)

From (4.9) , (4.10) and (4.11) , we get (ii) . The proof is completed. 2

Using the same method as in the proof of Theorem 4.3 we can get the following theorem.

Theorem 4.4 Let Tm
u,v,φ : Hp → W(n)

µ is bounded. If n < m , then the following statements are equivalent.

(i) The operator Tm
u,v,φ : Hp → W(n)

µ is compact.

(ii) If pj(z) = zj then limj→∞ j
1
p ∥Tm

u,v,φ,upj∥W(n)
µ

= 0.

(iii) For each i ∈ {0, 1, ...n} ∪ {m, ...,m+ n} , lim sup|a|→1 ∥Tm
u,v,φfi+1,a∥W(n)

µ
= 0.

(iv) For each i ∈ {0, 1, ...n} ∪ {m, ...,m+ n} , lim sup|φ(z)|→1

µ(z)

∣∣∣(In,u
i,φ +In,v

i−m,φ)(z)

∣∣∣
(1−|φ(z)|2)

1
p
+i

= 0.

Remark 4.5 By putting v ≡ 0 in Theorems 3.1 , 3.2 , 4.1 , 4.2 , 4.3 and 4.4 , we obtain some characterizations

for boundedness, the essential norm and compactness of operator uCφ : Hp → W(n)
µ (see [2]).

Remark 4.6 By setting u ≡ 0 in Theorems 3.1 , 3.2 , 4.1 , 4.2 , 4.3 and 4.4 , we get some characterizations for
boundedness, the essential norm and compactness of generalized weighted composition operator Dm

φ,u : Hp →

W(n)
µ (see [6]).

Remark 4.7 By taking m = 1 in Theorems 3.1 , 3.2 , 4.1 , 4.2 , 4.3 and 4.4 , we find some characterizations
for boundedness, the essential norm and compactness of Stević-Sharma type operators from Hardy space into
n th weighted type spaces (see [14]).
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